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Abstract

This thesis is concernedwith investigating the applicability of large eddy simulations
(LES) for simulating compressiblemixing layers, with the ultimate aim of utilizing LES
asatool to investigate the e®ectsof compressibility and con nement on the ewlution of
mixing layers. In view of the inabilit y of temporal simulations to capture all the features
involved in mixing layers as encourtered in practice, spatially developing mixing layers
as obsened in experiments are simulated in the presert work. Hence,the computational

domain starts from the trailing edgeof the splitter plate dividing the incoming streams,
and includesboth the transitional wake and the mixing layer regions. The performanceof
Reynolds-Averaged methods, derived from the compressible®uid{°0 w equations, in pre-
dicting compressiblemixing layershasbeenevaluated. Two-equationmodelslikekj " and
SST models have beenfound to have completely failed in reproducing the e®ectof com-
pressibility on mixing layer evolution. Large Eddy Simulations with Dynamic-Smagorinsky
modeling of subgrid-scalee®ects,using a second-orderaccurate schemeasimplemerted in

the CFD software CFX, of high speedmixing layerswith low and moderate compressibil-
ity e®ectsare performed. Simulations in the presert work are of quasi-two dimensional
nature, as much of the span-wisemotions are not resolhed, though their e®ectsare mod-

elled through the subgrid-scalemodel. The simulations were cheded for the dependence
of the mean °ow predictions on the averaging duration, computational grid re nement

and initial conditions. Prediction of the rst order statistics like mixing layer growth rate,

and the meanvelocity pro les hasbeenfound to be very good. Prediction of secondorder
statistics has beenfound to be in agreemem with the ndings of experimental and Direct

Numerical Studies. The low-speed stream has been found to be more receptive to the

°uctuations induced by the mixing layer, thereby leadingto higher levels of °uctuation in-

tensities on the low-speedside of mixing layer at downstream locations. These‘uctuations

seemto persist and grow along the computational domain due to the boundary conditions

in the direction acrossthe streams, and hencea non{re°ectiv e boundary condition would

eliminate these °uctuations. The simulations in the presen work demonstrate the ad-

vantages of LES over other simulation techniques namely: \capabilit y to reproduce the

physical phenomena” and \reasonable demand on computational resources"which make
it the ideal technique to investigate compressiblemixing layers.
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Nomenclature

IX1 IY1 IZ

M
Mc
Mt

p, P

Pr
r
Re.
S

Sij
T
To
Ui

= Speedof sound

= Speci ¢ heat at constart volume

= Speci ¢ heat at constart pressure
= Subgid{scale coezcient

= Smagorisnky coexcient

= Mixing layer growth rate coexcient
= Speci ¢ internal energy

Filter function

Speci ¢ erthalpy, h = e+ p=Y%

Computation domain extert in x-, y- & z-directions

Mach number

= Convective mach number of the mixing layer

= Turbulent mach number

= Static pressure

= Prandtl Number

= Velocity ratio of the mixing streams,r = Up=U;
= Reynolds number of the °ow, Re. =~ Y& U(x)=1
= Density ratio of the mixing streams,s = Y2=%
= Strain{rate

= Static temperature

= Total temperature

= Velocity in the it -direction

= Velocity in the x-direction

= Convective velocity of the mixing layer

= Velocity in the y-direction

= Velocity in the z-direction

Superscripts & Subscripts

1

2
exptl
inc

High{speedstream
Low{speedstream
From experiments
Incompressible



Nomenclature

sgs = Subgrid{scale

0) = Filtered quantity

f ) = Favre{ltered quartity

()% = Subgrid{scale quartity

€) = Test{Ttered quantity

hi = Averagedquartit y

0) = Averagedquantity (in Chapter 2)

()°® = Fluctuation about the averagedquartity (in Chapter 2)

f ) = Favre{averagedquartity (in Chapter 2)

()% = Fluctuation about the Favre{averagedquartity (in Chapter 2)

Greek Letters

+ = Mixing layer thickness
h = Vorticity thicknessof the mixing layer
i = Kronecker Delta
¢ = Filter width
¢U = Velocity di®erencedriving the mixing layers,¢ U = Ui U,
2 = Viscousdissipation
° = Ratio of the speci ¢ heats of gas
. = Non{dimensionalized coordinate in the y-direction
= Coezcient of heat conductivity
1 = Coezcient of dynamic viscosity
0 = Coezcient of kinematic viscosity
°sgs = Eddy viscosity of the subgrid{scale motions
V] = Momentum thickness
Y = Density
¥ = Normalized velocity °uctuation level along x-direction, % = u®,=¢ U
% = Normalized velocity °uctuation level along y-direction, %, = vo9,=¢ U
¥ = Molecular shearstress
éij = Subgrid{scale stress
R = Gasconstart

Abbreviations



Nomenclature

Vi

DNS
LES
RANS

SCRAMJet
SST

Direct Numerical Simulation

Large Eddy Simulation

Reynolds AveragedNavier{Stok es

(usedto refer to the simulations using these equations also)
Supersonic Combustion RAM Jet

Shear StressTransport (T urbulence model)
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Chapter 1

Intro duction

1.1 Motiv ation

Combustion is an exothermic reaction betweentwo substancesof di®erernt chemical com-
position. Since combustion requiresthe two substancesto be in contact with ead other
in required proportions, mixing of the two substancesis a prerequisite for the reaction to
take place. Most of the propulsion and power generation systemsin today's world derive
energy from the combustion of a fuel in the presenceof an oxidizer. In most of suc sys-
tems in use,the time taken for reaction betweenthe mixed substancesis negligible when
comparedto the time taken for their mixing. Considering the turbulent nature of such
°ow- elds, the phenomenonof “turbulent mixing' is important from both sciertic aswell
as application view-points.

The problem of adequatemixing of thesereactans is the most acutein the SCRAM-Jet
enginesfor the proposedHypersonic °ying vehicles. The extremely high speedsof these
vehiclesimply a very small residencetime for the atmospheric air inside the engine, and
hencerequire much faster mixing comparedto their low-speed counterparts. Additional
complexity is introduced in suc engine°ow elds by the prominence of compressibility
e®ectson the mixing phenomenon. Thus proper understanding of the phenomenon of
‘compressibleturbulent mixng' is neededfor the designof high-speed propulsion systems.
An understanding of ‘compressibleturbulent mixing' is also essetial to ensurerapid mix-
ing of jet exhaustswith ambient °uid to reduce noise pollution, reducing the impact of
the exhaustfrom V/STOL aircraft enginesetc.

The °ow- elds involved in the above cases,irrespective of their degreeof complexity,
can be treated as a collection of discrete spatially developing compressiblemixing layers
that ultimately mergeinto larger and more complex zones(Fig.1.1). Hencethe study of
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Figure 1.1: Flow- elds with compressible mixing layers

a compressibleturbulent mixing layer, while being simple in description, is very useful in
improving our understanding the phenomenonof “compressibleturbulent mixing'.

1.2 Thesis Objectiv e

A large number of the features of compressiblemixing layers are yet to be understood
by the researh community. While signi cant progressto date has been made through
experiments and Direct Numerical Studies, Large Eddy Simulations of compressiblemixing
layers are required for further advancemen of our understanding. The objective of the
current thesis is to examine the performance of Large Eddy Simulations as a tool to
investigatethe e®ectsof compressibility and con nement on the dynamics of mixing layers.

1.3 Thesis Contribution

2 The performance of RANS methods with compressibility corrections, in predicting
compressiblemixing layers has been evaluated. Two-equation models like k j "
and Shear Str ess Transport models have beenfound to have completely failed in
reproducing the e®ectof compressibility on mixing layer growth.

2 Large Eddy Simulation with Dynamic Subgrid modeling using a second-orderac-
curate stheme, as implemented in commercial CFD padkage CFX, of a moderately
compressiblemixing layer was performed. LES has beenfound to perform satisfac-
torily in predicting mixing layer growth rate, and °uctuation levels.

2 An explanation is o®eredfor the high levels of °uctuations in the low{speedstream
in the mixing layers obsened in simulations and experiments.
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1.4 Thesis Roadmap

Following this chapter, there are four more chapters in this thesis. Following is a brief
summary of ead chapter.

2 |n chapter 2, abrief review of the existing knowledgeon compressiblemixing layers
is presented. Following this review, aspects of compressiblemixing layers that are
yet to be understood are summarized.

2 |n chapter 3, the methodology of the simulations following the Reynolds Averaged
Navier-Stokes equations approac is preseried. Details of computational studies
of compressiblemixing layers following this approad are presened along with the
results.

2 |In chapter 4, the methodology of Large Eddy Simulations is introduced. Vari-
ous subgrid{scale models are introduced and basedon the available literature, the
Dynamic Smagorinsky model is selectedfor the presen simulations.

2 In chapter 5, large eddy simulations of high speed mixing layers with very low,
and moderate levels of compressibility are performed and conclusionsare drawn
regarding the e®ectof compressibility on the mixing layer dynamics.



Chapter 2

Compressible Mixing Layers: A
Review

2.1 Turbulen t Mixing Layer

The turbulent mixing region that forms betweentwo uniform, nearly parallel streams of
di®eren velocities is referred to as a Mixing Layer(Fig. 2.1). Along with free jets and
turbulent wakes, an uncon ned turbulent mixing layer belongsto the category of ows
termed "Free ShearFlows'. Unlikein freejets wherethe driving force of turbulent motions
gradualy decreaseslong the °ow, the velocity di®erencebetweenthe two streams of the
mixing layer that drivesthe turbulent motions remains constart along the °ow.

Figure 2.1: Mixing Layer

The problem of an uncon ned, incompressibleturbulent mixing layer had beensolved
analytically rst by W. Tollmien. A mathematically simpler solution, basedon Prandtl's
mixing length hypothesis,was later given by H. Goertler. Mixing layer growth was found
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to be linear from self-similarity! considerations,and the non-dimensionalizedvelocity dis-
tribution acrossthe mixing layer was suggestedto obey an error function prole. This
analytical treatment of turbulent mixing layers, alongwith other free shear°ows, hasbeen
preseried in Sdlichting [1].

Since the motivation to study mixing layers, in most cases,is to study the rate of
mixing of the two streams, the mixing layer thickness needsto be quanti ed. The mixing
layer thickness,or the transverseextent of the mixing layer is often de ned in a boundary
layer senseas the region where the local streamwise velocity di®ersfrom that of either
freestream by more than 1%. This de nition can also be applied for the concerration
of a speciesin a mixing layer of two di®erert species. It matches very closely with the
visual thicknesstis) of the mixing layer as seenthrough °ow visualization techniqueslike
Sdlieren of Shadavgraph pictures. Another popularly usedde nition for the mixing layer
thicknessis the vorticit y thicknesst (Fig. 2.2), which is de ned in terms of the streamwise
velocity pro le as

4+ = L
' (@Jz@)max

The vorticit y thicknessthus de ned, has beenfound to be approximately half that of

(2.1)

the visual thickness(zis).

2.2 Parameters A®ecting Mixing Gro wth

From the obsenation of mixing layer °ow- eld, one can infer that the mixing layer
growth/spread rate dependson the following operational parameters:

1. Velocity Ratio
The driving force of the mixing layer, by de nition, being the velocity di®erence
betweenthe two streams, the role of velocity ratio of the two streamson the mixing
rate needsto be understood

2. Densit y Ratio
The densities of the two mixing streams need not be samein practice. Hencethe
role of density ratio of the two streamson the mixing rate needsto be understood

3. Compressibilit 'y
Since the focus of the current work is on supersonic mixing layers, compressibility
e®ectson the mixing layer dynamics needsto be understood

the non-dimensionalized °ow parameters are independert of the streamwise distance



2.2 Parameters A®ecting Mixing Growth 6

4. Reynolds Num ber
As is the casewith any viscous °ow, the role of Reynolds Number on the mixing
layer dynamics is neededfor practical applications

5. Con nemen t
Mixing layers are de ned as free shear layers, but in practice the mixing layers in
supersonic combustors are con ned. So knowledge of the e®ectsof con nemernt on
mixing layersis required

A signi cant amount of work has been directed in the past towards understanding the
e®ectof eat of these parameters on the mixing rate. In the following subsectionsthe
existing knowledge about the role played by ead of these parameterswill be presened.

2.2.1 Velocity Ratio

The mixing layer showvn in Fig. 2.1 with the individual stream velocities of U; and Uy,
appears as a temporal mixing layer(as showvn in Fig. 2.3) from a frame(¢) moving with
velocity Uc = 0:5(U; + Uy). In this frame of reference,the only relevant velocity being
¢U = Ui Uy the mixing layer growth rate +=¢ of the self-similar mixing layer has to
be proportional to ¢ U. Since,¢ = x=Uc, the mixing layer growth rate dependenceon the
individual stream velocities can be expressedas:

7 u, 0.54U

U= (U +L502
AU=U-t,

W=

054U

W=

Figure 2.2: Mixing Layer Thickness Figure 2.3: Temporal Mixing Layer

d+ Ui U
—y,c, ot =2
dx " TtUL+ Uy

where +(x) denotesthe transverseextent of the mixing layer betweenthe two streamsat

(2.2)

a given streamwise location x.
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2.2.2 Densit y Ratio

With the aim of addressingthe e®ectof density ratio of the mixing streams on the
mixing rate, Brown & Roshko [2] carried out experiments of low-speed incompressible
mixing layers with large density di®erencesusing di®erent gas combinations. Based on
the obsenations madein theseexperiments, an expressionpredicting the growth rate of an
incompressiblemixing layer was proposedby Brown(using the sameargumert asthe one
usedin arriving at Eqg. 2.3). While a temporally developing mixing layer is symmetric as
both the streamsare of equal speed, a spatially developing mixing layer hasbeenobsened
to be asymmetric in nature (spreading more towards the low-speed side). This aspect
of spatially growing mixing layers was not addressedthough Brown's model, and was
addressedater by Dimotakis [3]. With the aid of geometricand similarity considerations,
and recognizingthe role of the large structures in the entrainment of neighbouring °uid,
the entrainment asymmetry was explained by Dimotakis [3]. Consequetly, the growth
rate of a spatially growing, incompressible(M ! 0) mixing layer was expressedas

(Li r)(+ s ( o (1 sPH)=1+ s )
2(1+ st¥2r) ' 14291+ =1 1)

d+
&(r: s) %2 Cy (2.3)
wherer = U,=U; and s = Y=% are the velocity and density ratios of the streams re-
spectively. While the factor multiplying the bracesdescribesthe growth of a temporally
growing mixing layer, the factor in bracesarisesdue to the fact that the growth is spatial.
In the event of s= 1, it can be veri ed that Eq. 2.3 reducesto Eq. 2.2. From the experi-
mental data of Brown and Roshko [2], the value of C. = 0:36 was arrived at by Slessoret
al. [4]. In practice, for mixing layers without external disturbances,it has beenobsened
that

0:25- Cy- 045 (2.4)

The reasonfor this large variation in the values of the cozcient C. is attributed to the
sensitivity of the mixing layer to the incoming °ow pro les, and the nature of distur-
bancesimposedon the °ow- eld. The above valuesfor the correlation coexcient C. were
obtained for the visual thickness(#,is) of mixing layers, it needsto be halved to obtain
the appropriate correlation for vorticit y thicknessé ).

While low speed (incompressible) mixing layers have been found to be in concord
with Eq. 2.3, experiments on supersonic mixing layers had revealedthat the growth rate
of supersonic mixing layers was much lower than that predicted through Eq. 2.2 [5, 6].
Similar behaviour was reported regarding the magnitude of velocity °uctuations.
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2.2.3 Compressibilit vy

Another remarkable achievemert of the work of Brown & Roshko [2] was that direct
°ow visualization, made possibleby the large di®erencein densities(and hencerefractive
index) of the two mixing streamsin these experimernts, revealedthe presenceand persis-
tence(in self-similar turbulent region) of distinct large two-dimensional structures in the
mixing layer(Fig. 2.4 from [2]). The formation of thesesparwise vortical structures is pri-
marily causedby the inviscid Kelvin-Helmholtz instability over the velocity distribution

acrossthe mixing layer.

Figure 2.4: Large Scale Structures in Mixing Layer

Following the demonstration that the low growth rate of supersonicmixing layers was
dueto compressibility alone, the needto identify an appropriate parameterto measurethe
compressibility of a mixing layer wasrecongnizedand addressednitially by Bogdano®|[7],
and later by Papamosdiou & Roshko [8]. Since, the presenceof large scale structures
supported the inviscid instabilit y mechanism playing a signi cant role in the mixing layer
growth, the limited region of in°uence for a disturbance in a supersonic°ow was assumed
to make a supersonic mixing layer to be more stable than its low-speed courterpart and
henceslow in growth.

Identifying the inabilit y of expressiondike Eq. 2.3to accourt for the intrinsic compress-
ibilit y of the °ow, Bogdano®|[7] intro duced a referenceMach number M * in a coordinate
system moving with the instabilit y waves. Extending this concept, basedon the realiza-
tion that the organized large scale structures are related to the instability of the shear
layer?, and from the visualization of such structures in supersonic mixing layers in their
own experimernts, Papamostiou & Roshko [8] identi ed the convecting large structures as
a suitable frame of referenceto measurethe internal compressibility of the °ow. Denoting

2the terms “shearlayer' and “mixing layer' are frequently usedto denote the same°ow phenomenonin
literature
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the velocity of the large structures as U, the convective velcity, the relative speedsof
the two streams(with respect to the large structures) are denoted by the convective mach
numkbers M, and M¢,: )
M, = (U1i Uc)=aq
Mc, = (Uci Uo)=a

wherea; and a, are the speedsof soundin the two streams. Assumingisertropic processes

(2.5)

this de nition, in assaiation with the saddle point betweenin the structures(Fig. 2.5
from [9]) being the common stagnation point for both the streams,leadsto the following

— O

expressionfor the corvective velocity U; for M, and M¢,, and °1 = °3:

apU; + ayUo
U= 2212
a, + a
Ui U
M= ————= 2.6
=t a (2.6)
Y. 1 KL T
— J—

Figure 2.5: Convective Frame of reference

A simple estimation of convective velocity(Uc) asusedin the above analysis has been
found to beinadequateby Papamostiou [9]. In his double{exposuresdlieren obsenations,
nearly \frozen" patterns were obsened convecting with velocities very di®eren from those
predicted by Eq. 2.6. The convection velocities of these eddieswas found to vary between
the slow and the fast freestreamvelocities depending on the mixing layer being formed be-
tweentwo supersonicstreamsor betweena supersonicand a subsonicstream respectively.
Attempts at explaining the the di®erencebetween corvective velocities in practice from
the isertropic estimates,and thereby predicting the actual convective velocities have been
made by Papamostou [9], Barre [10], Papamostiou & Bunyajitraduly a [11] and Barre et
al. [12].

Observing that the e®ectof compressibility on the mixing layer growth expressed
by Eq. 2.3 is only through the coetcient C., the coezcient value normalized by it's
incompressible casewas plotted for existing literature with respect to M, and it was
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demonstrated that M was a good measureof compressibility: “higher the value of M,
higher the e®ectof compressibility on mixing layer growth rate'. A later compilation by
Slessoret al. [4] is shown in Fig. 2.6.
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Figure 2.6: Convective Frame of reference

Linear Stability Analysis

A signi cant amount of attention has beendewoted to explain the free mixing layer dy-
namics using linear stability analysis, a comprehensie review of this area can be found
in Ho & Huerre [13]. In this approad, the unsteady mixing layer is conceptualizedas a
superposition of interacting instability wavesthat propagate and amplify along the °ow.
Thus the growth rate of the mixing layer is dependent on the ampli cation of thesein-
stability waves. Papamostiou & Roshko [8] reviewed the literature on the linear stability
analysis of compressiblemixing layers, and demonstrated that the concept of a corvec-
tive mach number succeeddo someextert in represeting the e®ectsof compressibility.
Ragab & Wu [14] analyzedthe linear instabilit y wavesin a supersonicshearlayer consid-
ering both inviscid and viscousdisturbances,and cameto the conclusionthat the growth
rate defect due to compressibity is dependert primarily on the corvective mach number.
Later Sandham & Reynolds [15,16] compared the predictions of linear stability analysis



2.2 Parameters A®ecting Mixing Growth 11

and direct simulation of Navier-Stokes equations. In addition to pointing out a direct
relationship betwen the growth of the most ampli ed instabilit y wave and the growth rate
of the dewveloped mixing layer, they obsened the dominanceof three-dimensionalmodesin
the high speedmixing layersfor convective mach numbers above 0:6, and that the mixing
layer structure in such °ows is predominantly three-dimensional. While the similarity be-
tweenthe disturbance growth rate asa function of M. and the variation of experimentally
obsened mixing layer growth rate as a function of M. cannot be ignored, as pointed out
by Sarkar [17], no mathematically rigorous connection has been establishedbetweenthe

two.

Mixing Layer Structure

Consistent with the obsenations of Sandhamé& Reynolds[15,16], °ow visualization exper-
iments by Clemens& Mungal [18,19] revealedthat, while the low corvective mach number
supersonic mixing layers exhibit an organized quasi-two-dimensional structure similar to
that found in incompressiblemixing layers, the dominanceof two-dimensionalstructures in
the °ow eld beginsreducingwith increasingcornvective mach number. While an organized
two-dimenionsal span-wisestructure was found for M = 0:28, at higher corvective mach
numbers(beginning at M = 0:50) these structures were found to break-down in the span-
wise direction, thereby deweloping a three-dimensional character for M. = 0:62 & 0:79.
While large structures exist even at M = 0:79, there is negligible span-wiseorganization
at sudh high convective mach numbers. This might also explain the discrepancyat large
corvective mach numbers, betweenthe obsened valuesof the convective velocities of large-
structures, and the onespredicted by the quasi-two dimensionalapproad of Papamostiou
& Roshko [8] given earlier in x 2.2.3.

Turbulene

Turbulent statistics in a compressiblemixing layer, obtained experimentally by various
researters [20{26], exhibit a decreaseof turbulent °uctuation intensity (turublent °uctu-
tions normalized by the velocity di®erencebetweenthe two streams: ¢ U) with increasing
corvective mach number. Statistics from [20{22,24,26{28] are shown in Fig. 2.7. The
e®ectsof compressiblity on turbulence has beenreviewed by Lele [29]. Hence only an
overview is preseried in this section. Initial attempts at identifying the medanismsin-
hibiting the mixing layer growth proposedthat in compressiblemixing layres, the dilata-
tion terms act as sinks and could lead to the obsened reduction of turbulence levels and
thereby mixing layer thickness. However, Sarkar [17] showed that reducedturbulent pro-
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Figure 2.7: Velocity Fluctuation levels

duction is responsible for decreasedurbulent kinetic energyand not the dilatation terms.
Strengthening this view, Vreman et al. [30] derived a direct relationship betweenthe mo-
mertum thicknessgrowth rate and integrated turbulent production in the mixing layer
°ow eld. In addition to demonstrating this from analyzing data from DNS of temporal
mixing layers, they showed that the reduction in turbulent production is due to reduced
pressure®uctuations through a reduction in pressure-strainterm. While a model hasbeen
proposedto account for the obsened decremer, there is still no convincing explanation
for this phenomenon.

Though it has been conjectured that the limited area of in°uence for a disturbance
in supersonic °ows due to the nite speed of sound leads to reduced communication,
and henceis responsible for the reduction in growth rates of the instability modes in
compressiblemixing layers, further investigation is required to validate this hypothesis.
Controversy also exists on the e®ectof compressibility on the componerts of the Reynolds
stresstensor, and the assaiated anisotropy (Fig. 2.7). While someexperiments reported
large changesin anisotropy with increasein compressibility, others reported a strong de-
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creasein all turbulence intensities showing no major e®ectof compressibility on Reynolds
stressanisotropy. Analysis of DNS data of a temporally ewlving shearlayer by Vreman
et al. [30] shows that though there is an increasein the anisotropy of normal stresseswith
an increasein Mg, the shearstressanisotropy remains relatively una®ected.

2.2.4 Reynolds Num ber

Although the medanism leadingto the formation of organizedstructures in the mixing
layer is essetially inviscid, viscouse®ectsplay an important role both in determining the
laminar or turbulent state of the incoming stream boundary layersand in the transition to
small scalesin the mixing layer [13]. From the obsenations of incompressible°ow “elds,
the transition of the mixing layer °ow eld to a fully turbulent state is agreedto occur at
the minimum Reynolds number, basedon the local mixing layer thickness,of

Re. . Y410 (2.7)

=min

- 1
FulTling this criterion of minimum Reynolds Number is only necessaryfor the ow- eld
to attain self-similarity. In addition to this, the mixing layer is believed to attain self-
similarity only after crossinga minimum downstream distance of

XT;” 1, 10° (2.8)

where x is the downstream distance from the point of origin of the mixing layer, and p

is the momertum thicknessat the point of origin of the mixing layer. Whether these
criteria hold good for compressiblemixing layersis yet to be demonstrated conclusiwely.

Mukunda et al. [31] conducted two-dimensionalmodel free simulations of spatially devel-

oping supersonicmixing layers, and found that Reynolds number has negligible e®ectson

the growth and structure of the mixing layer. In their °ow visualization experimerts on

supersonicmixing layers, Clemens& Mungal [18] pointed out that the obsened di®erences
in the structure of supersonicand incompressiblemixing layers was not due to Reynolds
Number di®erence but is an e®ectof compressibility.

In°ow Conditions

While introducing the turbulent mixing layer, it wasassumedthat the mixing layer is self-
similar, and henceit's non-dimensionalizedparametersare independen of the streamwise
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location. The concept of self-similarity is basedon the belief that beyond a region suz-
ciently far downstream from the starting point of the °ow- eld, no e®ectsf the conditions
at the starting point remain. The condition Eq. 2.8 is thus an empirical criterion quanti-
fying this conceptinto mathematical terms.

The e®ectsof the laminar or turbulent nature of the incoming boundary layer on the
incoming mixing layer ewolution are discussedby Ho & Huerre [13]. Opinion is divided
on whether the °ow eld ever attains a state independert of the initial conditions. Ex-
periments by Bell & Mehta [32] revealedthat while the growth rate of the incompressible
mixing layer is dependert on the laminar or turbulent state of the incoming boundary lay-
ers, the far- eld Reynolds Stressesand higher order products are found to be independert
of the incoming °ow conditions. While this large variation in the growth-rate coezcient
C. for incompressiblemixing layersis believed to be the proof of the e®ectof in°ow condi-
tions on the mixing layer growth [33,34], studies have alsobeenreported which show that,
suzciently far downstream, the spread rates of mixing layers do becomeindependent of
initial conditions [25,35].

225 Connemen t

Compressible mixing layers, as encourtered in combustion chambers of hypersonic
vehicles,are con ned by the chamber walls and hencethe e®ectof con nemen needsto
be known. Wood & Bradshaw [36] found that the e®ectof con nement due to a wall on
the incompressiblemixing layer structures starts well before the mixing layer reachesthe
wall boundary layer. Howewer, this changeof the mixing layer structure wasfound to have
no e®ecton the mixing layer characteristics, like shearstressdistribution and growth rate.
A compilation by Chakraborty [37] of the test-section dimensionsof various compressible
mixing layer experiments points out the high level of con nemert in the experiments of
Clemens& Mungal [18,19]. Whether the extent of three-dimensionality obsened in these
experiments is an e®ectof con nemen, is yet to be analyzed. From a linear stability
analysis perspective, the walls con ning a compressiblemixing layer act as a wave-guide.
In addition to the classical Kelvin-Helmholtz' instability, the existenceof a "Supersonic
Instabilit y' arising from the coupling betwen the shear layer and the acoustic modes of
the channel for the spatial mixing layers was con rmed by Zhuang et al. [38]. In the
same study it was found that, for supersonic corvective mach numbers, the maximum
ampli cation rates of the instability waves are dependert on the distance between the
con ning walls.
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2.3 Numerical Studies

Attempts to understand any phenomenonin nature must rely on experimental obsenation.
Unfortunately in the caseof compressiblemixing layers, there are very few experimental
facilities that can generatethe high mach number °ow- elds containing compressiblemix-
ing layers asfound in various engineeringapplications. In addition to this, the signi cant
scatter in the experimentally obserned in incompressiblemixing layer growth rates found
in literature is yet to be explained satisfactorily. Computational Fluid Dynamics, which is
free from such problems, is an alternate tool for analyzing compressingmixing layers. The
various approadestowards simulating compressiblemixing layers are discussedbelow.

2.3.1 Direct Numerical Simulations

Direct Numerical Simulations (DNS), by de nition, aim to simulate the °ow eld by
numerically solving the full Navier-Stokesequations. Most of the DNS studies of the com-
pressiblemixing layers have beenaimed at either the “temporally ewolving mixng layer' or
“two-dimensionalspatially developing mixing layer'. Very few studies of three-dimensional
spatially dewveloping supersonic mixing layers have been reported so far. Owing to the
extremely large computational resourcesrequired to resole all the scalesof turbulent mo-
tion, most of the DNS studies are performed at low Reynolds numbers (of the order of a
few hundreds). Further more, the usageof high-resolution schemesrequiresa lot of time
for these simulations. While much information has beenacquired through DNS of ‘tem-
poral mixing layers' [17,30], simulating °ow elds encourtered in practice is not feasible
in the near future using DNS.

2.3.2 RANS Studies

Reynolds AveragedNavier Stokes(RANS) Simulations have beenthe most practicable
approach for many °ow- elds involving incompressibleturbulence. Since the Reynolds
Averaged Navier Stokes equations for the mean °ow variables are not closed, various
modelsare usedin practice to model the e®ectof turbulent motions on the mean°ow- eld.
A comprehensie review of the status of RANS modeling is given by Birch [35]. Most of
the popular closure models have beenproposedfrom the understanding of incompressible
turbulent °ows. Though compressibility corrections have beenincorporated in them for
simulating compressible®ows, their performancein predicting mixing layers has not been
validated sofar.
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2.3.3 Large Eddy Simulations

Based on the belief that the smallest scalesof motions tend to be locally isotropic,
Large Eddy Simulations (LES) aims at solving the equations of motion for the large
scalemotions of the °ow- eld. The dissipative cortribution of the small scalemotions is
modelled. Since a signi cant amount of computational resourcesin DNS are expended
at computing the smallest scales,modeling them signi cantly reducesthe computational
requiremerts. For this reason,LES is expectedto be the best prospect for simulating the
high Reynolds number turbulent °ows. Whether it is soin practice or not, is yet to be
veri ed. While signi cant amourt of a priori testing of LES models has beendone using
DNS data for compressiblemixing layers (Vreman et al. [39]), very few simulations of the
spatially developing compressiblemixing layers have beenreported. Sincethe modelled
contribution to the equationsis usually of very low order of accuracy simple lower order
sthemesare expected to perform well in LES, thus leading to signi cant savings in the
time required per simulation (Meinke et al. [40]).

2.4 Summary

A signi cant improvemert in the understanding of the dynamics of compressiblemixing
layers requires a proper explanation of the following issues:

1. E®ect of compressibilit y on mixing layer turbulence
While it hasnow beenunderstood that compressibility a®ectsa reduction in turbu-
lencethrough a reduction in pressure-strainlevels, the exact mecanismis yet to be
understood. No corvincing explanation has beenfound for the connection between
the predictions of the linear-stability theory and the experimental obserations of
mixing layer growth rates.

2. Con nemen t e®ects on mixing layer structure
No corvincing explanation has been found for the “action at a distance' e®ectof
walls on mixing layer structure.

2.5 Present Contribution

Large eddy simulations promise to be an ideal tool to investigate the above two major
issueghat demandimmediate attention from the researdersof compressiblemixing layers.
Advancesmade in this direction would be of great importance to designersaiming for
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excient SCRAMJet engines, as well as those aiming for a reduction in noise pollution
causedby propulsion device exhausts.

The present work is aimed at evaluating the performanceof Large Eddy Simulations
as a tool for simulating compressiblemixing layers, with the ultimate goal of applying
LES to investigate the e®ectsof compressibility and con nement on mixing layer dynam-
ics. Performance of the widely usedturbulence models has also been evaluated for their
capability in simulating the e®ectsof compressibility on mixing layer °ow{ elds, before
the Large Eddy Simulations of compressiblemixing layers.



Chapter 3

Performance of Turbulence Mo dels

3.1 Navier Stokes Equations

In the absenceof body forcesand heat addition, the equationsgoverning the consenation
of mass,momertum and energy of a Newtonian °uid can be expressed as:

@ @
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where! and - are the dynamic viscosity and thermal conductivity of the gasrespec-
tively, while e is the speci ¢ internal energy of the gas denoted by de = ¢,(T)dT and
h = e+ p=Yis the speci ¢ erthalpy of the gas. Derivation of the governing equations of
°uid motion can be found in [41].

1Einstein summation convention applied for repeating indices
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3.2 Favre Averaged Equations

In turbulent °ows, the instantaneousvalue of a variable may °uctuate about a meanvalue.
Traditional approacestowards computing turbulent °ow elds are basedon the belief that
knowledge of the mean °ow eld would suzce for industrial purposes. Accordingly they
treat the °ow eld asthe superposition of a °uctuating °ow over a mean°ow eld, which
is obtained by averaging the three-dimensionalturbulent °ow “eld over time. Governing
equationsfor the mean°ow eld are obtained by averagingthe NS Equations over a large
period of time. Sincethere is always a signi cant cortribution to the transport phenomena
from the °uctuations, their cortribution is modeled.

Two di®erert averaging proceduresare prevalert, namely the convertional averaging
(Reynolds{averaging) and the density{w eighted averaging (Favre{averaging). For °ows
where °uctuations in density are negligible the meanvaluesare obtained by averagingthe
variables over time

VARYS

f=lim o fa (3.8)

This is commonly referred to as Reynolds{Averaging For compressible°ows, where
density °uctuations are prominent, a density-weighted averaging of the variable is adopted
Z et

1
= _ | 1
= im A (3.9)

where %2is computed according to Eq. 3.8. This is commonly referred to as Favre{
Averaging. As there is no mean mass °ux acrossthe Favre{averaged streamlines’ the
equationsfor meandensity, meanvelocity, and meanenergyare more compact than those
obtained through Reynolds{averaging.

For a given variable f , corvertionally it's Favre{averagedvalue is denotedby €, where
as it's Reynolds{averaged value is denoted by an f. The °uctuations about them are
denoted by f %%and f %respectively. Hencethe instantaneousvalue of the variable f can be
denoted by

f=Ff+f0 (3.10)

The Favre{Av eragedNavier Stokesequationscan be showvn to be:

2true for Reynolds{averagedstreamlines only for incompressible °ows
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3.3 Turbulence Mo deling

Equations Eq. 3.12 and Eg. 3.15 show that computation of the mean quartities is de-
pendert on the knowledge of correlations like 2% Since no additional equations are
presern to determine thesequartities, we do not possesadequateinformation to compute
the mean °ow eld, or the system of equationsis not closed. This is referred to asthe
Closure Problem in Turbulence These higher order correlations are usually modeled to
solve the Favre-AveragedNS Equations. Two-equation turbulence models are the most
widely used,asthey o®era good compromisebetweennumerical e®ortand computational
accuracy ki "andkij ! modelsaretwo of the most widely usedmodelsin this category.
Newer models like the SST model that conbine the advantages of the both the previous
models perform well over a wider range of °ows comparedto the older models.

These models use the gradient di®usion hypothesisto relate the Reynolds stressesto
the meanvelocity gradients and the turbulent viscosity. The turbulent viscosity is modeled
asthe product of a turbulent velocity and turbulent length scale. The turbulence velocity
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scaleis computed from the turbulent kinetic energy which is obtained from the solution
of its transport equation. The turbulent length scaleis estimated from two properties of
the turbulence “eld, usually the turbulent kinetic energy and its dissipation rate. The
dissipation rate of the turbulent kinetic energy is obtained from the solution of another
transport equation. Details of the models, as implemented in the presert work, can be
found in CFX-T ASC°ow 2.12 User Documentation [42]

3.3.1 E®ect of Compressibilit vy

Most of the turbulence models, including the above-mertioned, have beenformulated
basedon the existing knowledge of turbulence in incompressible°ow regime. Hence,need
hasbeenobsened for the application of compressibility correctionsto thesemodels before
utilizing them in similating °ow{ elds with compressibility e®ects. Existing compress-
ibilit y corrections for the two{equation models are based on the earlier belief that the
reduction in the turbulence levels is due to the increasing prominence of dilatation dis-
sipation with increasein corvective Mach number (Wilcox [43]). It was later showvn by
Vreman et al. [30] that the dilatational dissipation is not prominent even at a corvective
Mach number of M. = 1:2, and hence though existing models of dilatational dissipa-
tion might yield a mixing layer growth rate in agreemen with experimental obsenations,
the model will not be simulating the physical phenomenonleading to the reduction in
turbulence levels.

In the presen chapter, the ability of the simulations following the RANS methodology
in capturing the e®ectsof compressibility on mixing layers has beenevaluated.

3.4 Computational Details

The domain for the presert computations is showvn in Fig. 3.1. The domain extends to
200 mm along the stream-wise direction, 30 mm along the normal direction and 20 mm
along the span-wise direction. In computations, and while preseriing results, thesethree
directions correspond to the X, Y and Z axesrespectively. Meshing along the normal
direction was done using 76 elemens with appropriate tightening of the mesh at the
mixing region (Fig. 3.2), while uniform meshingwas applied along stream-wiseand span-
wise directions with 200 and 20 elemeris respectively.

Consideringthe supersonic®ow eld in the domain, a nite-v olume basedcomputation
was carried out using an upwind-biased schemeasimplemented in CFX-T ASC°ow 2.12.1.
Computations were also carried out using a linear-pro le interpolation, but no signi cant
changeswere obsened in the results. A corvergencecriterion basedon the normalized
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Figure 3.1: Computational Domain

Figure 3.2: Computational Grid

residuals was applied. The raw residual, say r4, was calculated as the imbalance in the
discretized equations. The raw residualswere then normalized for the purposeof solution
monitoring. For ead solution variable, A, the normalized residual is given by:

A
i = — 3.18
AT acA (3.18)

wherer 4 is the raw residual cortrol volume balance, ay is represertativ e of the cortrol
volume co-excient and ¢ A is a represerativ e range of the variable in the domain.
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3.5 Results & Discussion

Steady state solutions were obtained for Compressible Mixing Layers corresponding to
Convective Mach Numbers (M) of 0:20; 0:64;0:80 so as to cover the range where the
e®ectsof compressibility becomeprominent. The simulations were carried out till the
maximum residualswere below 10' ®. The results of thesesimulations are being preseried
with respect to the features of the compressiblemixing layers.

3.5.1 Growth Rate

The most easily discernible feature of a mixing layer is it's growth rate. Visualization
methods like Sdlieren, basedon local density of the °ow eld, have beenextensiwely used
in the existing literature to examine the spread of mixing layers. In this study, we have
used the Vorticity Thickness (# ) of the mixing layer to be the parameter represerting
the mixing layer thickness. The vorticit y thicknesswas de ned as

¢ U
(Q(X Y)=@) max

where ¢ U is the di®erencebetweenthe two free-streamvelocities (¢ U = Uzj U,), and

h(X) = (3.19)

the denominator is the maximum normal velocity gradient at that stream-wiselocation.
No span-wisevariation hasbeenencourtered in the presert computations and henceonly
details of the °ow eld in the X j Y plane corresponding to mid-span are being preseried
in this section.

The growth rate of the mixing layer wastaken asthe slope of the straight line t (using
least squares)of the ewolution of vorticit y thicknessalong the stream-wisedirection. The
growth rates are shown in Fig. 3.3 to Fig. 3.8.

3.5.2 Mean Velocity Prole

The mean velocity pro les were normalized for comparison with experiments. The
mean velocity was normalized with respect to the velocity di®erencebetween the two
free streams (¢ U), while the normal coordinates were normalized with respect to = =
(Yi Yc)=1 wherey. isthe certer of the mixing layer at the particular stream-wiselocation.
Mean velocity eld obsened in experiments has beenfound to collapseinto a normalized
variation by various researters, and all of them have usedeither an error function pro le
or a hyperbolic tangent pro le asthe asymptotic normalized mean velocity prole. The
normalized mean velocity proles at di®erert stream-wise locations have collapsedto a
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Figure 3.3: ki " : M. = 0:20

Figure 3.5: ki " : M. = 0:64

Figure 3.7: kj " : M. = 0:80

Figure 3.4: SST : M. = 0:20

Figure 3.6: SST : M. = 0:64

Figure 3.8: SST : M. = 0:80



3.5 Results& Discussion 25

Figure 3.9: Normalized Mean Velocity Proles: kj " Figure 3.10: Normalized Mean Velocity Pro les: SST
Model Model

single curve, and these curvesfor the k j " and SST models are presened in gures 3.9
and 3.10.

Resultsfrom the presert computations are comparedto both the above mertioned pro-
“les, and the model predictions were unable to reproduce the experimertal obsenations.
As can be seenfrom the gures 3.9 and 3.10, the two-equation models being considered
here predict much sharper normalized velocity pro les in the mixing layersthan that found
in experiments.

3.5.3 Normalized Gro wth

Though the parametersusedin literature to denote the growth of a mixing layer dif-
fer from one another, the qualitativ e conclusiondrawn through them has beenthe same:
“compressibility has a negative e®ecton the growth rate of a mixing layer'. To compare
with experiments, growth rates computed in the presert work were normalized with in-
compressiblegrowth rates for the samevelocity and density ratios. The incompressible
growth rates were obtained using the correlation suggestedin Slessoret al. [4]:

(i @+ Sl=2)( (1 sPAH(+ s )
2(1+ st=2r) b1+ 291+ =1 1)

19(x :r1;8) = Cq (3.20)

where the parameter C. is assumedto be constart(independert of r and s), while r
and s are the velocity and density ratios for the stream respectively (r - 1:0). The value
of C, is taken to be 0:18 from Slessoret al. [4].

The normalized growth rates, as predicted by the models being considered,are com-
pared with experimental obsenations in Fig. 3.11. The growth rate predicted by the
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Figure 3.11: Comparison of normalized mixing layer growth rate

two-equation models is seento be highly inaccurate even for a moderately compressible
mixing layer (M. = 0:64).

3.6 Summary

Performance of the most popularly usedtwo-equation turbulence models have beeneval-
uated in this chapter. Though the governing equations for the method are derived from
the equationsgoverning compressible®uid °ow, the existing models are unable to capture
the e®ectsof compressibility on mixing layer dynamics. The presert study highlights the
needfor better turbulence models for simulating shear°ows with compressibility e®ects.



Chapter 4
Large Eddy Simulations

4.1 Scales of Turbulen t Motion

Turbulent °ows are characterizedby the existenceof a wide rangeof length scalesbounded
by the dimensionsof the °ow eld and the di®usiwe action of molecular viscosity [44]. The
largest scalemotions, being driven by characteristic velocity and length scalesof the °ow
“eld, are bound by these quartities, and henceare heavily in°uenced in character by the
gross details of the °ow "eld. On the cortrary, the smallest scalesbeing of very small
length and time scalesare expected to be dewid of characteristics peculiar to any one
particular °ow- eld, and henceapproximately isotropic in space.Energy transfer between
motions at di®eren scalesoccurs through vortex-stretching processesthough the energy
transfer is predominartly from larger to smaller scalessince the motions at the largest
scalesderive their energy from the forcesdriving the °ow eld, whereasthe relatively
strong viscousforcesat the smallest scalesdispersethe small scalemotions in the energy
of molecular motions. It follows that there exist a range of length scalesthat are much
larger than the smallest scales,but much smaller in comparison to the largest scales;
where the statistics of motion are una®ectedby the grossdetails of the °ow- eld (unlike
the large-scalemotions) and the coexcient of viscosity (unlik e the small-scalemotions),
but depend only on the averageviscousdissipation of energy" that determinesthe energy
transfer acrossthese scales[45]. It can further be deducedthat the energy of motions in
this Inertial Subrange can be expressedas

E(k)/ "?3ki 53 (4.1)

wherek is the wavenumber assaiated with a length scalein this range, and E (k) the
turbulent kinetic energyat that length scale(Fig. 4.1 from [46]).

27
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Figure 4.1: Turbulent Kinetic Energy Spectrum: Length Scale Ranges

4.2 LES: The Concept

Attempts at a model free, direct numerical simulation of turbulent °ows are inexcient
and prohibitiv ely expensiwe since a signi cant amount of computational resourcesis ex-
pendedat capturing the small scalemotions which contain negligible amourt of turbulent
kinetic energy A prudent approach would be to simulate the energycontaining large scale
motions, while modeling the viscous dissipation at the small scale motions. This is the
concept behind Large Eddy Simulations where only the large, energy-carrying scalesof
motion are computed exactly, and the e®ectof the sulprid scales,which tend to be more
isotropic, and easierto parameterize than the large ones,is modeled. LES of turbulent
°ow can be split into four conceptual steps[47]:

1. Spatial Ttering
2. Obtaining the Ttered Navier-Stokesequations
3. Modeling the unresolved motions

4. Numerical solution
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4.3 Spatial Filtering

At large Reynolds Numbers, the turbulent °ow might be visualized as a mean °ow eld
superposedby °uctuations of increasingly high wavenumberson oneanother. Fluctuations
of the highest wavenumbers would be of such small magnitude that viscosity prevents the
formation of °uctuations at much higher wavenumbers [45]. Sincethe °ow eld can be
expressedas the sum of cortributions from °uctuations at all wavenumbers, large eddy
motions can be de ned to be the cortributions from wavenumbers below a certain cut-o®
in the inertial subrange (‘low-pass ltering’). This is accomplishedthrough Spatial Filter-
ing. Through the spatial Ttering operation, the °ow- eld is decompmsedinto ‘resolved’
(Ttered), and the “subgrid-scale’(high-wavenumber °uctuations) parts.
For a "eld A(x) de ned in the domain (j1 ;1 ), the Ttered value is de ned as[48]

1 z M X i xoﬂ
[ ¢ =
whereV is the domain of the °ow eld, ¢ isthe Tter width and G is the Tter function

A(x) = A(x9dx° (4.2)

satisfying the following properties:
1. G(j x) = G(x)
R
2. 1 G(x)dx = 1:0

3. G(x)! Oasjxj! 1 suzciently fast sothat all momerts

G(x)x"dx
il

(n, 0) exist.
4. G(x) is localized (in somesuitably de'ned sense)in (i 3;3)
Somesud Tter functions discussedmost in existing literature are:

1. Top-Hat Filter

1ifjxj- 1

G(x) = (4.3)

0 otherwise

2. GaussianFilter

r_
G(x) = %exp(i 6x2) (4.4)
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Though a Sharp-Spectral Filter de ned as:

sin(¥x)
Yx

G(x) = (4.5)

seemsto be the ideal choice for LES at the rst glance,it is not included here due to it's
failure to satisfy the last two conditions. Nevertheless, it is plotted along with the Top
Hat and Gaussian lters in order to comparetheir ability to separatethe scalesof motion
in the wavenumber space(Fig. 4.2). Further discussionon various types of lters, and
their performanceis provided in [47,49,50].

Figure 4.2: Filter Functions in Physcial and Wavenumber Space

4.4 Filtered Navier-Stok es Equations

Filter functions de ned asin the previoussectioncommute with di®ererial operators, thus
maintaining the structure of the Navier-Stokesequationsthrough the Ttering process.To
avoid cumbersome equations, irrespective of the nature of Ttering involved, wherewer
possiblethe instantaneous values of variables are denoted in bold, the Ttered valuesin
capital letters and the subgrid componerts in small letters [47].

©=A
A=0+A (4.6)
Sincethe °ow- eld of interest is compressible,a density-weighted Ttering( Favre Fil-

tering) is adopted to avoid sub-grid scaleterms in consenation of mass. With a little
modi cation to the de nition givenin Eq. 4.2, a Favre ltered variable can de ned as:
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Z M ol

R(x)-% e Xi X

¢ %A (xYdx° 4.7)

Thus,

Uk + Uk Uk = (]/zuk):’-72

Velocity: Uk

Si +sij  Sj = (%5 )%

ShearStrain: s

ShearStress: % = 8 + % 8 = Wﬂz
Density: o= Yot %o Y= W
Pressure: p=P+p P=p

Temperature: T=T+t T= (%T)=%

Internal Energy: e=E+e E = (Y29=
Enthalpy: h=H+h H = (¥2h)=%

The Ttered Equation of State can be expressedas:

P=YRT (4.8)

The Favre- Ttered Navier-Stokes equations can be written as:

@2 @"2\)
— + =0 4.9
@’ @ *9
@, @ @ @i @i
— (YY) + — (YY) =j —+ —/—+ — 4.10
where the Favre- Ttered shear stress and the corresponding shear strain can be ex-
pressedas
H 5 1
§j =1 25| 3% Skk (4.11)
H 1
1" @ , @]
Sj =z —+ — 4.12
173 & @& (4.12)

and the error due to computing the coezxcient of viscosity as! = 1 (T) is neglected,
and
3

g =i % Qiuj)i By (4.13)

is the subgrid-scalestresstensor that needsto be modeled. The subgrid-scalestress
tensor can be decomposedfurther, with respectto the Tter dimensions,into cortributions
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from various levels of interactions betweenthe scalesof motion [47,51]. The Favre- Ttered
energy equation can be expressedas:

@, @, o _ @ T @& @
@ e "B 5, Can | Pa

- @( . mn
8 SiioG ikt (4.14)
where
s ,
& = (“wE)| “LUYE SGSHeat Flux (4.15)
" H q #
Lk = p@ i P@ SGS PressureDilatation (4.16)
C @
"= (Y sji)i 8i S SGS Viscous Dissipation (4.17)

needto be modeled, while the error due to computing the conductivity coexcient as
- = - (T) is neglected.

In practice, while the cortribution of subgrid heat °ux (Eg. 4.15)is modeled, contribu-
tions from subgrid viscousdissipation (Eqg. 4.17) and subgrid pressuredilatation (Eg. 4.16)
are neglected. A priori tests by Vreman et al. [39], on DNS data obtained from the com-
putations of mixing layer in the corvective Mach number range 0.2{0.6, revealed that
neglecting non-linearity e®ectsin the di®usionterms in momerntum and energy equations
is acceptable. While the the subgrid pressuredilatation term (Eq. 4.16) and the subgrid
viscousdissipation term (Eq. 4.17) were found to be of the sameorder asthe subgrid heat
°ux term (Eq. 4.15), from comparing the orders of magnitude of all the terms involved
in the momertum and energy equations, accuracy of modeling their e®ectwas found to
be not asimportant asthat of modeling the subgrid-scalestresstensor(Eq. 4.13) in the
momertum equation. In view of this obsenation, in the present work, the subgrid-scale
heat °ux is modeled as being proportional to the subgrid-scalestressthrough a uniform
subgrid Prandtl Number Prggs = 0:6, following the work of Moin et al. [52].

4.5 Subgrid Scale Mo dels

The function of subgrid-scalemodels has beenexplained by Piomelli [53]: \In large{eddy
simulations, the dissipative sales of motion are resolvel poorly, or not at all. The main
role of the sulgyrid{scale model must be, therefore, to remove enemgy from the resolvel
sales, mimicking the drain that is usually assaiated with the enemgy casade. Thus, it is
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not necessaryfor a model to representthe \exact" SGS stressesaccurately at each point
in space and time, but only to account for their glokal e®et."

Sincethe subgrid-scalecortribution to the energyequation is being modeled as being
proportional to the subgrid-scalestresstensor, modeling the latter aloneis discussedn this
section. Subgrid-scalemodels of the eddy{viscosity form like the Smagorinsky Model and
the Dynamic SmagorinskyModel are discussedalongwith Scale{similar and mixed models
in this section. Discussionon the prevailing approacdiesin modeling subgrid-scalestress
tensor is provided by Jimenez [54], Fureby [55], Hussaini [56], Meneweau and Katz [57]
and Pope [47].

45.1 Smagorinsky Mo del

Originally proposedby Smagorinskyfor meteorologicalpurposesin 1963,this method
hasbeenwidely used,and alsosenedasthe basisfor the developmen of other SGSmodels.
This modelis an\eddy viscosity" model, wherethe modeled subgrid-scalestress(Eq. 4.13)
is related to the resolwed strain rate (Eq. 4.12) through the Boussinesgapproximation of
the form:

Gij i %dkk = | 2Y2%gsSij (4.18)

The coexcient °gys is the eddy viscosity of the subgrid-scalemotions, and is modeled
using the mixing length hypothesisthat was originially proposedto model the turbulent
viscosity in Reynolds' averagedNavier-Stokesequations, as applicable to two-dimensional
boundary layer °ows:

OT:IZE@
"o

Smagorinsky proposeda modi ed version of this expressionapplicable to the resolved

(4.19)

strain rate tensor

s = I2S (4.20)
S = (2S; Sj )l=2 (4.22)

The Tter-width ¢ being the natural length scale de ning the subgrid-scales,the
mixing-length is thus expressedas

ls/ ¢
ls = Cs® (4.22)
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Thus the subgrid-scalestresstensor, can be expressedas

055 = (Cst) S (4.23)

G0 k= i 2AC0) 2SSy (4.24)

Though a value of Cs = 0:18 can be obtained for computations of isotropic turbu-
lence with "Tter-width in the inertial subrange, for °ow elds with strong shear-driven
turbulence, Cs = 0:1 was found to be appropriate in practice. The Tter width ¢ for

three dimensional computations is computed as (¢ x1¢ X»¢ x3)*= or P ¢ X7+ ¢ x5+ Cx3,
where ¢ x; is the Tter{width in the i{direction. In the presen computations, the former
de nition is used. This model has been extended to compressible®ows by Speziale et
al. [58]. Sincethe expressionfor the subgrid{scale viscosity coetcient has beende ned
for the Tter{fwidth in the intertial subrangeof the high-Reynolds-rumber turbulence, ap-
propriate modi cations are introduced for regions near walls where these conditions are
not valid.

4.5.2 Scale{Similar Mo del

Though the eddy{viscosity modelsassumea one{to{one correlation betweenthe subgrid{
scalestressand the resolved strain{rate tensors,analysisof °ow{ elds obtained from direct
numerical simulations has revealedvery little correlation betweenthe two tensors. Thus,
while eddy{viscosity models like the Smagorinsky Model, may be able to represen the
global, dissipative, e®ectsof the small scalesin a satisfactory way, they cannot reproduce
the details of the stresses(and the energy exchange) accurately on a local level. Scale-
similar model attempts to reproducethis correlation betweenthe subgrid{scale stressand
the resolved strain{rate tensorsmore accurately.

Originally suggestedby Bardina et al. [59], the scale{similar model is based on the
assumptionthat the most active subgrid{scalesare those closerto the cuto®wave number,
and that the scaleswith which they interact most are those immediately above the cut{
o®. Accordingly, a double{ ltering approad is implemented to capture the interactions
betweenthe smallest of the resolved and the largest of the subgrid{scales. The smallest
resolved scales,for example, can be expressedas:

u®=ui i U
boo=u; i

Following Erlebacher et al. [51], the compressibleextension of this model is given here.
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The subgrid{scale stresstensor is evaluated as
3

+.
Gij i %C'kk =% 8l i Ly, (4.25)

Apriori tests of the original model preseried by Bardina et al [59]. performed with Gaus-
sian or box Tters have shavn high correlations between the real and modeled stresses,
and have alsobeenobsenedto predict badkscatter of energy However, whenimplemented

in simulations, the model has beenfound to lead to inaccurate results due to insutcient

prediction of dissipation.

453 Mixed Mo del

Mixed model is the modi ed form of Scale{similar model using an additional dissipative
Smagorinskyterm to accoun for the insutcient dissipation in the original Scale{similar
model. This modi cation has rst beensuggestedby Bardina et al [59]. The compressible

extension of this model, following Erlebacher et al. [51] is given as
3 .

+.
éj i %C'kk = @in i ﬂJi U + 2%{Cs¢) ZSSij (4.26)
45.4 Dynamic Smagorinsky Mo del

The major drawbad of the Smagorinsky model is it's inability to represen cor-
rectly di®erert turbulent elds, with a single universal constatnt. In addition to this,
the Smagorinsky model cannot accourt for energy °ow from small scalesto large scales
(backscatter). To accourt for thesede ciencies,a “dynamic' subgrid-scalemodel was pro-
posedby Germano et al. [60] that calculatesthe SGS eddy-viscosily coexcient locally to
re°ect closely the state of the °ow. The smallest resolved scaleswere sampled, and their
information was usedto model the subgrid scales,as shavn in Fig. 4.3 from Piomelli [53].
This is accomplishedby de ning atest{ Iter (test{Itered quartities denotedby a caret)
whose width ® is larger than the Tterfwidth ¢ (typically ® = 2¢). The model, as
implemented in the presen computations is described here. The only modi cation from
the originally proposedmodel by Germano et al. [60] is that the terms are weighted by
the respective Ttered density values.

In the preseem computations a grid{ Tter is used, and hence the the test{ Itered
values are the avearagesover the adjacert elemens. The subgrid{scale stresses¢;; and

the subf{test stressesTj; can be expressedas
3

g =i (%uup)i %LUy, (4.27)

u 1
Tij =i (1>2Uiuj' i mi lgj (4.28)
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Figure 4.3: Test ltering for the dynamic model

The \resolved turbulent stresses"are thus de ned as
3 ,
Li ~ Tyi by = (20U (8B 8) (4.29)

Similar to Smagorinsky model, the subgrid{ and subtest{ stressesare modeled based
on the Boussinesgapproximation:

1
G i ogh kT 2CY4 2SSj = | 2C® (4.30)
1 _
Tij i éﬁj Tkk = i chzggij =j2C j (4.31)
leading to
1 _
Lij i 3% Lk =i 2C(Tj i B®) =i 2CMj; (4.32)

where a slow variation of C (C(x;y;z;t) Ya @(x; y;z;t)) is assumed,and Lj is computed
from Eq. 4.29. Since Eq. 4.32is over{determined (5 equationsto determine one value),
a least{squaresmethodology was proposedby Lilly [61]to minimize the error involved in
using a single coexcient. The error E¢ = g; g; denoted by

1
& =Liji Tj+b =Lji 3%Lu+ 2CM; (4.33)
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is minimized with respectto C by requiring @.=@ = 0, leadingto

Co (Lij i 3% L) Mj
! 2M; Mj;

(4.34)

An alternativ e localized dynamic Smagorinsky model, as given below, is implemented
in CFX [62]

_ (L i 14 L) C®)
25
where the quartity C” is an estimate of C computed at the previous time step using a

C (4.35)

“rst order extrapolation in time:
co=2cm; cmit

Since the numerator in the expressionsof the subgrid{scale viscosity coezcient in
Eg. 4.34 & Eq. 4.35 can have positive or negative values, this model allows for bad{
scatter of the turbulent energy (local energytransfer from small scalesto large scales).

455 Dynamic Mixed Mo del

The dynamic mixed model, proposedby Vreman et al. [63], combines the features
of accuracy in represetting the turbulent stressand accuracy in represeting the local
dissipation levels possessedy the scale{similar and the dynamic Smagorinsky models
respectively. The subgrid{scale stresstensor is given as

3
+

G i aw=% 80 by +2cuss, (4.36)

The dynamic model coetcient C is obtained in a manner similar to that of the method-
ology of the dynamic Smagorinsky model, leading to

Hj + CMj = Lj; (4.37)

where Mj and L are denoted by Eq. 4.32,and
A !
H |l
Hij = hgj i LEEJJ i bin i @iﬁj (4.38)

Following the least{squaresapproac

o (Lii Hii 3 (Lkki Hi)) M
=

C
2Mij M

(4.39)
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Table 4.1: CPU time required by LES using various models. The CPU time per step is normalized by
that of a model{free simulation using the samenumber of points (secondcolumn) and by that usedby the
Smagorinsky model (third column).

Subgrid{scale Model No Model Smagorinsky Model

No model 1:.00 0:93
Smagorinsky 1.07 1:00
Dynamic eddy viscosity 1:15 1.07
Dynamic mixed 1:20 1:11

456 Comparison of Subgrid{scale Mo dels

Highlighting the increasingcomplexity of subgrid{scale models, Piomelli [49] compared
the the CPU time used by various models in a pseudo-sgctral channel code, compared
to that required by the Smagorinsky model and by a model{free simulation with the
same computational grid, using a third-order Runge-Kutta time advancemen for the
corvective and SGSterms, and evaluating the coexcient dynamically only onceper step.
The comparisonis shown in Table. 4.1, whereit canbe seenthat alongwith the increased
accuracydue to thesemodels, LES still retains its fundamertal advantage over DNS i.e.,
reduction in the requiremert of resourcesby approximately three orders of magnitudes
(the minimum grid length in LES being atleast an order of magnitude larger than in DNS
in ead dimension).

Vreman et al. [64] performed large eddy simulations of a weakly compressibletemporal
mixing layer using the Smagorinsky scale{similar, dynamic Smagorinsky and dynamic
mixed models and compared the results with the Ttered results obtained from a direct
numerical simulation. The dynamic models have been found to lead to more accurate
results than the non{dynamic models. While the Smagorinskymodel and the scale{similar
model have beenfound to be too dissipative during transition and insuxciently dissipative
respectively, the dynamic models have been found to possessadequate mecanism to
dissipate energy from the resolved to subgrid{scales. Comparing the LES results with
that of the Ttered data from DNS, it was found that the \closest approximation to a
mixing layer in a self{similar state was obtained using the dynamic Smagorinsky model."
Accordingly, the dynamic Smagorinsky model was usedin the preseri work to model the
subgrid{scale stresses.
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4.6 Computational Issues

Unlik e Direct Numerical Simulations, where the resourcesrequired for computation for a
°ow of Reynoldsnumber Re are proportional to Re3, there exists only a slight dependence
of computational resourceson °ow Reynolds number for large eddy simulations for the
‘Tter{width in the intertial subrange of the spectrum. For °ows involving the dewelop-
ment of a boundary layer over a °at plate, Chapman [65] estimated the requiremert of
computation resourcesto be proportional to Re%# if the viscoussublayer is modeled, and
proportional to Re'8 if the whole boundary layer is resolved.

Though upwind{biased methods are more stable in practice, based on computaions
of the °ow behind a cylinder Mittal and Moin [66] found out that second{order certral
di®erencingschemesare comparablein accuracyto seventh{order upwind{biased methods.
The latter have been found to remove substartial energy from roughly three{quarters
of the resolved wave{number range due to their inherent numerical dissipation. Certral
di®erenceschemesare not dissipative and, atleast in principle, do not leadto any numerical
dissipation of the turbulent kinetic energy Errors due to varying Iter width over the
domain have been shown by Ghosal and Moin [48] to be O(¢ 2) where ¢ is the mean
“Tter-width at a given node. Hence, errors due to varying Iter-width are of the order
of truncation error in second-orderschemes,while they lower the accuracy of higer-order
schemes.



Chapter 5

LES of Compressible Mixing
Layers

Compressibleturbulent mixing layersform the basic building{blo cks of the complex °ow{
“elds found in SCRAM{Jet combustors and mixing regions of supersonic exhausts into
ambience. Accurate methods for the simulation of compressibleturbulent mixing layersare
necessanyfor the designof excient systemsinvolving this “ow{phenomenon. In the presen
chapter large eddy simulations are carried out to simulate compressiblemixing layers, as
formed betweentwo parallel supersonicstreamsof di®ereri velocities. Initial computations
aimed at verifying the independenceof the simulation{results from the numerical details
are carried out for a mixing layer with low{compressiblity. Further compuationsare carried
out for mixng layers of moderate compressibity.

5.1 Computational Details

The preseri work aims to simulate the °ow eld as obsened experimertally. Hence,
the computational domain starts from the trailing edgeof the splitter plate dividing the
incoming streams, and includes both the transitional wake and the mixing layer regions.
The present computations, thus, are for spatially ewolving mixing layers, as opposedto
temporal simulations frequertly reported in literature. Simulations in the present work are
of quasi-two dimensionalnature, asmuch of the span-wisemotions are not resolved, though
their e®ectsare modelled through the subgrid-scale model. Hence the computational
domains, along with the boundary conditions applied for the simulations in this chapter
are in the form givenin Fig. 5.1. Details regarding the implementation of the boundary
conditions can be found in [42].

40
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Figure 5.1: Computation Domain

For the large eddy simulations performed in the presen chapter, using the governing
equationsasderivedin x 4.4, Dynamic Smagorinskymodel wasusedto model the subgrid-
scalestressesand the subgrid-scaleheat °ux wasmodelled as proportional to the subgrid-
scalestressusing a constart subgrid Prandtl number Prsgs = 0:6. A secondorder accurate
Central Di®erencing scheme was used for computing spatial gradients in the numerical
solution, while time marching was done using a secondorder Euler{backward method.
Computations were performed using the CFD software CFX TASC°ow 02.12.01

5.2 Mixing Layer with Low Compressibilit y E®ects

The cornvective mach number M, as described in the x 2.2.3, has been found to be a
represenativ e parameter for the importance of compressibility e®ectsin a mixing layer.
High{speedmixing layers at low convective Mach numbers have beenfound to be similar
in behaviour to their low-speed counterparts, while the e®ectof compressibility on the
mixing layer ewolution is found to be prominent for M. > 0:2. Hence the simulation
methodology adopted in this chapter is validated for mixing layers with relatively low
levels of compressibility, beforetackling compressiblemixing layers.

In this section, large eddy simulations of a high{speed mixing layer at M. = 0.2 are
performed, and the dependenceof the predictions on the initial conditions and the dis-
cretization of the computational domain is examined. In order to validate the simulation
methodology, the mixing layer simulated in this section has been chosenso as to corre-
spond to the experimerts reported by Goebel & Dutton [21]. The di®erencesn the mixing
streamsbetweenthe presern simulations and the reported experimert are the higher pres-
sure and stagnation temperatures of the mixing streamsin the presen case. Details of
the mixing layer simulated in the presen section are givenin Table 5.1.
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Table 5.1: Details of the Mixing Layer simulated with M = 0:20

Presert Simulation

Goebel & Dutton [21]

Composition air, air air, air

P (kPa) 1013 46.0

U1, Us (m/s) 700, 550 515,404
r = U=U; 0:786 0:780
T1, T2 (K) 30G0, 3933 1632, 2136
To1, Toz (K) 5439, 5439 2950, 2950
S= Ya='p 0:763 0:760
M1, M2 2:016, 1:384 2:011,1:379
Mc= (Urj Ux)=(a1 + ap) 0:20 0:20

4, & (mm) 2.0, 2.0 25,26
Re= Uit =2 (10%) 933 893

Ix, ly, 1z (mm) 400,40, 1 500, 48, 96

In an attempt to simulate the meanboundary layer pro les of the incoming supersonic
streams, the approac of Mukunda et al. [31] is followed. The incoming velocity pro le is
given by: ) L
u=05 (Ui+ )+ (Uii U [Li expli kiyi] (5.)

with y = 0 at the meeting point of the two streamsand k = 2800mi 1, sothat e®ecti\e
boundary layer thicknessof either stream, basedon 99% free{stream velocity criterion, is
about 2 mm.

Grid

For large eddy simulations, the computational grid must be chosensud that the sepa-
ration of the resolved and the subgrid{scalesoccursin the inertial subrangeof the energy
spectrum. Accordingly, the smallest grid size has been chosento be one order of magni-
tude larger than that of the smallest scales(Kolmogorov scale). Following Mukunda et
al. [31], the Kolmogorov scale( ) was estimated as:

= CRI ¥ (5.2)

where * is the represenativ e of the mixing layer thickness, R is the Reynolds number
basedon the velocity di®erencebetweenthe mixing streamsasthe relevant velocity scale,
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and initial boundary layer thicknes as the relevant length scaleand the constart C is
expected to lie between 5 and 7 for compressible®ows. For a typical extent of growth
estimated from the experimertal data, + = 10mm alongwith R = 2£ 10* and C = 6 gives
the estimate” = 0:036 mm.

The smallestgrid length in the computational domain was chosento be 0:4 mm in the
normal direction (y j dir ection). The computational grid is chosensuc that the grid is
“ner at the mixing region when comparedto that nearthe boundaries. The elemern length
varies between 0:4mm to 0:79mm in the normal direction and between 0:8mm to 2mm
in the stream{wise direction (x j dir ection), cortaining 70 and 360 elemers respectively
along these directions. The domain is divided into two elemers along the span{wise
direction (z j direction) and the boundary elemers in this direction are bound by a
periodicity condition, thus leading to the °uctuations in this direction being of subgrid{
scale.

Basedon the °ow{ eld characteristics and the compuational grid, a time step of 5£
10 8 s was chosenwith 3 internal iterations per time step.

5.2.1 Averaging Duration

Compressiblemixing layerswere simulated starting from a mean°ow eld, asobtained
using the SST model, with random °uctuations imposedover the mean °ow eld. After
the computations had progressedfor a time long enough for the slower stream (U, =
550m=s) to havetraverseda distanceequalto that of the computation domainlength (Ix =
0:4m), ie., t=Iy=U = 7:3£ 10 *s~ 14550steps, “ow- eld data wascollectedat regular
time intervals of ¢ t = 10 ®s. Density weighted (Favre) averaging was performed of the
°ow variablesfor a time duration equal for the slow streamto traversethe computational
domain twice. The integrations over time are performed basedon the procedureas given
by Presset al. [67]:

ZtN .
3 7 23
f()dt= ¢t —fi1+ =fo+ —fa+fs+ 5+
. (t) glit glat 5 fs+ fatTs
23 7 3. °
¢¢¢+fNi4+fNi3+ ﬂfNi2+ éfNi1+ éfN (53)

i ¢
+0'¢ 4
where

fi = f(t)
ti=t+ (i )¢t
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Comparisonsof velocity eld is doneusing the normalized valuesof stream{wise veloc-
ity and coordinatesin the normal direction. The non-dimensionalizedstream{wise velocity
is given by:

u=(Uj U=(U1j Up) (5.4)

while the coordinates are non{dimensionalized using
T=Yi YoEA (x) (5.5)
4 = Ui Uz
- (@=@)max

Figure 5.2: E®ect of Averaging Duration on Mean Growth Rate Prediction

Growth rate of the mixing layer, whosethicknessis de ned in terms of vorticit y thick-
nessand as the distance betweenthe locations with velocity within 10% of either stream
velocity, is plotted for di®eren averaging durations in Fig. 5.2. The straight line in the
above gure is arepreserts the self{similar mixing layer growth rate, asreported by Goebel
& Dutton [21]. This line was usedto comparethe growth of the simulated mixing layers
in the self{similar region. It canbe seenthat there is initially a region of high growth{rate
of the vorticity thickness, followed by a transition into a linear growth of the vorticity
thickness. The initial high growth{rate represens the wake of the incoming boundary
layers, and the °ow gradually ewlvesin to a self{similar mixing layer where there is a
linear growth of the vorticity thickness. This transition from a wake °ow to that of a
mixing layer appearsto be complete by 200 mm. The e®ectof averaging duration on the
non-dimensionalizedvelocity pro le is showvn in Fig. 5.3. It can be obsened that there is
no signi cant changein the meanvelocity pro le and the growth rate of the mixing layer
thickness(based on either de nitions) with respect to the averaging duration. Hencean
averaging duration equivalent to two sweepsof the computational domain by the slowver
stream is employed for further computations.
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Figure 5.3: Mean Velocity proles in the self{similar region (x = 270 mm)

Table 5.2: Details of the Computational Grid to study Grid Dependence

CoarseGrid Fine Grid
No: of elemeris: X, y 360,70 360, 100
Elemert length variation (mm): x 0:8, 2.0 0:8, 2.0
Element length variation (mm): y 0:4, 0:79 0.2, 0:77

5.2.2 Grid Dependence

Oncethe mean°ow{ eld wasobtained for a given computational grid, the dependence
of the results of the simulation on the computational grid was examined. Computations
were carried out for a ner grid, the details of which are givenin Table 5.2. The minimum
grid{length for the ne grid in the normal direction of the °ow{ eld is half that for the
coarsegrid, and in the region of mixing (8 0:005m), the ne grid has 43 elemeris, while
the coarsegrid has 23 elemers. Hencethe number of elemeris in the mixing region in
this direction di®ersnearly by a factor of two betweenthe two grids used for the grid{
dependencestudy. Basedon the ndings of the previous section, the ow{ eld data was
averagedfor a duration equivalent to two sweep{times for the slower stream, and the mean
°ow{ eld was compared for the results of the simulations on the two grids considered.
Mixing layer growth rates are comparedin Fig. 5.4, and the mean stream{wise velocities
in self{similar region are plotted in Fig. 5.6. The mixing layer growth rate and the non-
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dimensionalizedmean velocity pro le are found to be independert of the computational
grid employedin the self{similar region of the mixing{la yer °ow{ eld, though the ne grid
caseexhibits an ewolution closerto the linear growth in the self{similar region than the
coarsegrid, especially in the ewolution plot of mixing layer thicknessas de ned basedon
10% of velocity di®erencebetweenthe two streams, which was the parameter measured
in the experimernts reported by Goebel & Dutton [21]. The ewlution of the stream{wise
velocity eld in the computational domain is preseried in Fig. 5.5 for the both the coarse
and ne grids, and the velocity eld ewlution is found to be independent of the grid used
for computations.

Figure 5.4: E®ect of Computational Grid on Mean Growth Rate Prediction

Figure 5.5: Evolution of stream{wise velocity for Coarse and Fine grids

5.2.3 E®ect of Initial Conditions

Since the simulations so far have been conducted with the simulations starting o®
from a mean °ow{ eld with random °uctuations imposedon it as an initial condition,
the e®ectof these initial °uctuations on the nal mean{°ow estimates was examined.
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Figure 5.6: Mean Velocity proles in the self{similar region (x = 270 mm)

Simulations were performed on the coarsegrid starting{o® with a mean{°ow estimate
using the SST model, without any imposed uctuations. The averaging was performed
for a duration equivalent to one{sweep time, and the results are compared with those
of the simulations performed with random{°uctuations imposedon the initial mean{°ow
estimate. The mixing layer evolution is comparedin Fig. 5.7. In Fig. 5.8, the e®ectof the
initial conditions on the persistenceof the wake{e®ect(velocity de cit due to incoming
boundary layers) and the mean °ow velocity pro le in self{similar region are examined.

Figure 5.7: E®ect of Initial Conditions on Mean Growth Rate Prediction

From Fig. 5.7, it can be seenthat imposing random °uctuations on the initial mean
°ow{ eld leadsto the attainment of self{similarity at much ealier stream{wise locations.
This could be due to the early transition of the °ow{ eld into a pure mixing layer due
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Figure 5.8: E®ect of Initial Conditions on the evolution of mean °ow{ eld

to initial °uctuations. The ndings are similar to that of Doris et al. [68] where the
e®ectof the °uctuations imposedon the in°ow velocity pro les was found to lead to an
advancemer of the region of the transition of “ow from a wake of the incoming boundar
layersinto a pure mixing layer. From Figs 5.7 & 5.8, it can be seenthat though the initial
conditions a®ectthe location of tranistion of the ow{ eld from wake to a mixing layer,
the e®ectsare limited only to the °ow{ eld near the inlet of the two streams. It can be
seenthat the initial conditions do not have any signi cant e®ecton the growth rate of the
mixing layer in the self{similar region, and the self{similar velocity eld.

5.2.4 Discussion

From the Fig.s 5.2, 5.4 & 5.7, the obsened mixing layer growth rate is found to
agree well with the experimentally obsened growth rate of +° = 0:020 (based on 10%
velocity di®erence). The vorticity thickness ewolution in the self{similar region for the
‘ne{grid computation is shovn in Fig. 5.9 and the least{squareslinear t is found to
match the growth rate obsened in experiments. The non{dimensional velocity pro le for
an incompressible,turbulent mixing layer wasshown by Goertler [1] to behavelike an error
function, and the experimentally obsened velocity pro les werefound by Goebel & Dutton
to agreewith the error function pro le for the convective Mach numbersM. % 0:2 1.0.
As shown in Fig. 5.10, the predicted non-dimensional velocity pro les in the self{similar
region agreewith the ndings of Goebel & Dutton.

Convective Velccity

The concept of the convective Mach number denoting the e®ectof compressibility, as
described in the x 2.2.3, relieson an isertropic estimate of the \convective velocity" of the



5.2 Mixing Layer with Low Compressibility E®ects 49

Figure 5.9: Mixing layer growth rate Figure 5.10: Velocity pro les

large structures in the mixing layer. Span{wise vorticity over the X{Y plane is plotted
from the coarsegrid simultions, at regular time intervals of 5£ 10" ® s in Fig. 5.11, and
the cornvection speed of large structures is comparedto that of the isertropic estimate.
The isertropic estimate given by Eq. 2.6

+
Ue = M ’ 628 m=s
a;+ a

Tracking individual vortex structures from Fig. 5.11, the convective velocity of the large
structures was found to vary between590.7 m=s and 6385 m=s. This procedureis equiv-
alent to that followed by Mukunda et al. [31] of tracking the pressureminima which are
equivalert to the core regionsof the vortex structures. Consideringthe near incompress-
ible character of the mixing layer, such a small deviation from the isertropic estimatesisto
be expected. The variation of ¥ 6% obsened in this simulations can be attributed to the
con nement of the mixing layer °ow{ eld (the isertropic estimatesare for an uncon ned
mixing layer).

Turbulene Levels

The stream{wise and normal °uctuation levels, normalizedwith respectto the free{stream
velocity di®erence(¢ U) are plotted in Fig. 5.12. The experimentally obsened peak nor-
malized °uctuation levels for stream{wise and normal velocities reported by Goebel &
Dutton are 0:22 and 0:15 respectively. While the °uctuation levles for the stream{wise
velocity agreewell with obsened levels, the normal velocity °uctuation levels are much
higher than the peak valuesobsened experimentally. This behaviour (over{prediction of
normal °uctuation levels) has beenobsened by Rogers& Moser [69] in direct numerical
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Figure 5.11: Contours of Span{wise vorticit y at regular time intervals

simulations of three{dimensional temporal mixing layers with two{dimensional °uctua-
tions imposedon a mean °ow{ eld at the beginning of the simulation. Similar behaviour
has also beenobsened by Stanley & Sarkar [70] in their direct numerical simulations of
two{dimensional mixing layers. Hencethe high °uctuation levelsin the normal direction
can be attributed to the fact that the span{wise °uctuations are not fully resolved in our
simulations. The Reynoldsstresslevels (H2$%°P=(4¢ U?)) in the self{similar region are

Figure 5.12: Stream{wise and normal Fluctuation levels

plotted in Fig. 5.13. The peak level of 0:011, while signi cantly lower than the value of
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Figure 5.13: Reynolds stresswithout and with subgrid{scale contribution

0:017 reported by Goebel & Dutton, agreeswell with the variation of °uctuation levels
with respect to the convective Mach number as compiled in Fig. 2.7.

5.3 Mixing Layers with Mo derate Compressibilit y E®ects

In the presen section, a mixing layer of corvective Mach number M = 0:51, correspond-
ing to moderate compressibility levels, is simulated. Due to the large stagnation pressures
required to conduct an experiment of a compressiblemixing layer betweentwo supersonic
streams, most of the experiments of mixing layers with moderate to high compressibil-
ity e®ectsinvolve one supersonic stream and another subsonic stream. In the presen
simulations, for corveniencein computations, a compressiblemixing layer between two
supersonic mixing layers is simulated and the predictions are compared with the data
available in literature. Other features of experimetally obsened compressiblemixing lay-
ers, like uniform static pressureand total temperature of both the streams, are enforced
in the presen simulations. The details of the simulation are givenin Table 5.3.

Following the methodology described in x 5.2, the the smallest scalesare found to be
of the order of © ¥ 0:016 mm, and hencethe smallest grid length in the computational
domain was chosento be 0:2 mm in the normal direction. The elemen length varies
between0:2 mm to 0:77 mm along the normal direction and 0:55 mm to 1:65 mm along
the stream{wise direction with a total number of 100 and 240 elemeris respectively along
thosedirections. The span{wise discretaization is similar to that employed in the previous
computations. Basedon the “ow{ eld characteristics and the computational grid, a time
step of 10 @ s was chosenwith 5 internal iterations per ead time step.

Similar to the previous simulations, the presen simulation was started from a mean
°ow eld, as obtained from RANS calculations using the SST model for turbulence,
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Table 5.3: Details of the Mixing Layer simulated with M = 0:51

Simulation Details

Composition air, air
P (kPa) 101:3
U, Uz (m/s) 10416, 6000
r=Ux=U 0:576
T1, T2 (K) 3000, 6608
Tot, Toz (K) 8400, 8400
s= Y%2="% 0:454
M1, M2 3:00, 1:16
Mc= (Uri Uz)=(a1 + ap) 0:51

4, & (mm) 2.0, 2.0
Re= Ui+ =2 (10%) 140

Ix, ly, Iz (mm) 240, 40, 1

with random °uctuations imposedover the mean °ow eld. After the computations had
progressedior a time long enoughfor the slower stream (U, = 600m=s) to have traversed
a distance equalto that of the computation domain length (Ix = 0:24m), i.e.,t = Ix=U, =

40£ 1004 s~ 40000 steps, ow- eld data was collected at regular time intervals of
¢t = 5£ 10 ’s. Basedon the obsenations in the previous simulations on the e®ectof
averaging duration over the predicted mean °ow{ eld, averaging was performed for the
°ow variables stored over a duration of 1:5 sweeptimes = 6:0£ 10i 4 s using Eq. 5.4. It
canbeobsenedin Fig.s 5.14& 5.15that this duration is suzcient for the mean °ow{ eld

to beindependert of averaging duration.

Unlike in the computations for M = 0:20, well{de ned, persistert large vortex struc-
tures could not be identi ed for the presen simulations. This is in agreemen with the
existing literature wherethe dominanceof two{dimensional phenomenonhasbeenfound to
be limited to °ows with low cornvective Mach numbers. Beyond 150 mm, the mixing layer
thicknessshows a linear growth rate, and the growth rate of the self{similar mixing region
was obtained by tting a straight line using a least{squaresapproadc into the vorticity
thicknessewlution in this region (150 j 240 mm), and the growth rate has beenfound
to be £ = 0:0278(Fig. 5.16). From Fig. 5.16, the self{similar velocity proTes have been
found to agreewell with the error{function prole proposedby Goertler, and this obser-
vation agreeswell with the nding of Goebel & Dutton [21]that the non{dimensionalized
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Figure 5.14: E®ect of Averaging Duration on Mean Growth Rate Prediction

Figure 5.15: Mean Velocity proles in the self{similar region (x = 195 mm)

velocity pro les in the self{similar region agree well with the error{function prole for
Mc= 0:2; 1.0

The stream{wise and normal °uctuation levels, non{dimensionalized with respect to
the free{stream velocity di®erence(¢ U) are plotted in Fig. 5.17. The predicted peak
level of 0:17 for the stream{wise intensity agreeswell with the experimentally obsened
dependenceof the °uctuation intensity on convective Mach numbers. The over{prediction
of normal °uctuation intensity with a peak level of 0:16 is consistert with the span{wise
motions not being fully resolved, and the ensuingtwo{dimensional character of the simu-
lations. Samimy & Elliott [24] had reported the experimental obsenations of compressible
mxiing layers at M. = 0:51 with one stream being supersonic, and the other being sub-
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Figure 5.16: Mixing layer growth rate and mean velocity prole (x = 195 mm)

Figure 5.17: Stream{wise and normal Fluctuation levels

sonic. They had reported the peak non-dimensionalized°uctuation levels (with respet
to free{stream velocity di®erence)of 0:16, 0:11 and j 0:0084 for the stream{wise, normal
and Reynolds stress levels. The Reynolds stress levels (HA0%%Y=(H4A¢ U?)) in the self{
similar region are plotted in Fig. 5.18. The peak level of j 0:0088 agreeswell with the
corresponding experimental obsenation.

5.4 Discussion

The incompressiblegrowth rates for mixing layers, with velocity and density ratios same
as that of the mixing layers simulated in the presert work, were calculated using the
correlation givenin Eq. 2.3

(Li r)(1+ s ( 1: (Li s™)=(1+ s :
2(1+ st=2r) b1+ 291+ =1 1)

d+, Y, C
&(r,s) 4 Cy
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Figure 5.18: Reynolds stresswithout and with subgrid{scale contribution

Table 5.4: Mixing layer growth rate predictions

Mc= 020 M= 051

r, s 0:786,0:764 0:576,0:454
0 0:0250 0:0453
(=£) exptl 0:80 0:590

+0 0:0200 0:0278
=2 )es 0:80 0:614

with C; = 0:18 from Slessoret al. [4] and the growth rate predictions are tabulated in
Table 5.4 (A value of C. = 0:21 has been suggestedfor the experiments of Goebel &
Dutton [21] in the samework, and is used for the presen comparison.) The predicted
mixing layer growth rates, along with the compilation of experimental data, are preseried
in Fig. 5.19.

The predictions of turbulence levelsin the mixing layer °ow{ eld by the presen sim-
ulations are comparedwith the experimentally obsened valuesin Fig. 5.20. The presen
simulations, due to the lack of appropriate resolution of the span{wise motions, predict
large normal °uctuation levelsin agreememn with other such works in literature (Rogers
& Moser [69] and Stanely & Sarkar [70]). The peak values of turbulent Mach number
My = U?@Posal, asobsened by Samimy, have beenreported by Lele [29]. The results of
the presen simulations are comparedwith the obsenations in Table 5.5, and the variation
obsened in simulations can be seento be following the trend obsened in experiments.

That the large eddy simulations predict the behaviour of compressiblemixing layers
without any explicit modeling to accourt for the e®ectsof compressibility is a proof of
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Figure 5.19: Comparison of mixing layer growth rate predictions

Table 5.5: Peak turbulent Mach number predictions

M: Experiments Presert Simulations

0:20 { 0:13
0:51 0:27 0:.27
0:64 0:32 {
0:86 0:43 {

the accurate represertation of the physical phenomenainvolved. This feature of LES is
in contrast to the RANS methodology where compressibility corrections are neededto
improve mixing layer growth rate predictions.

In addition to the turbulence levels, the pressure °uctuation levels also have been
comparedfor their dependenceon the corvective Mach number. In Fig. 5.21, normalized
pressure®uctuation levelsin the mixing layer in the self{similar region(x = 270mm & x =
195 mm for M, = 0:20 & M. = 0:51 respectively), calculated as (pj hpi)=%¢ U?,
are compared. As pointed out by Vreman et al. [30], there is a large reduction in the
normalized{pressure°uctuation levelswith the increasein convective Mach number. This
large reduction in the normalized{pressure °uctuation levels appearsto be due to the
large increasein the referencepressurets ¢ U? which increasesrom %3¢ U% = 27:6 kPato
Y4¢ U? = 239kPa for the corvective Mach number changefrom M. = 0:20to M = 0:51.
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Figure 5.20: Velocity Fluctuation levels (Present simulations: =)

The preser results, while agreeingwell with the experimental obsenations of the peak
turbulence levelsin the compressiblemixing layers, predict the persistenceof °uctuations
to afarther extent into the low{speedstream when comparedto the high{speedside of the
mixing layer (Fig.s 5.12,5.13,5.17 & 5.18). Experiments by Goebel et al. [20], Gruber et
al [71], Barre et al. [25] and Debissdop et al. [23] reveal similar behaviour. Since most of
the direct numerical simulations have beenof temporally ewolving mixing layers, they fail
to capture this feature, but the simulations of spatially evolving mixing layers by Doris et
al. [68] show similar behaviour of turbulence intensities as found in the presert work, and
the authors cite the large in°ow °uctuation levelsasthe possiblecausefor this behaviour.

In the preseri work, °uctuations can be obsened in the low{speed stream, in the
contour plots of vorticity in Fig. 5.22 for the corvective Mach number M. = 0:20. Vor-
ticity contours for the simulation with and without random{°uctuations imposedat the
beginning of the simulation have been compared in the same gure (plots (a) and (b)
respectively), and it can be seenthat this phenomenonis independert of the initial condi-
tions of the simulations. Plot (c) in the same gure correspndsto a °ow with much larger
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Figure 5.21: Normalized pressureat a point in the selfsimilar region for M. = 0:20; 0:51

computational domain (ly = 60 mm asagainstly, = 40 mm for other simulations), and it
can be obsened that these‘uctuations are not induced by the proximity of the boundary
to the mixing region. Additional computations have beenperformedto obsene the role of
the boundary conditions in the normal direction. Plot (d) in the same gure corresponds
to a computational domain with inclined upper and lower boundaries where supersonic
in°ow conditions are enforced corresponding to either of the free{streams (Fig. 5.23).
Only a small delay can be obsened in the °uctuations in the low{speed stream gaining
prominence.

From the span{wise vorticit y plot for the mixing layer at the convective Mach number
M. = 0:51 (Fig. 5.24), it can be obsened that the °uctuations are set-o®by the tur-
bulent mixing region, and are sustainedin this region since the symmetry{condition at
the boundary serwes as an inviscid wall for these °uctuations. From the persistenceof
the °uctuations in the simulation represened by plot (d) in Fig 5.22 similar to the other
simulations, it can be the inferred that it is the re°ection of the pressurewaves, generated
by the turbulent mixing region, at the boundariesin the normal directions that sustains
these °uctuations. Henceeither a non{re°ecting boundary condition or an appropriately
divergent computational domain eliminating sud re°ections must be employed to avoid
the obsened phenomenonof large °uctuations away from the mixing region.

Irrespective of the convective Mach number being considered, uctuations are set{o®
in the low{speedstream after the mixing layer attains self{similarity. Though the vorticit y
plots of the °ow{ eld at convective Mach number M. = 0:20 shaw °uctuations in the high{
speed stream after they develop on the low{speed stream, from Fig. 5.24it can be seen
that at higher convective Mach numbers, the high{speed side is much more resistart to
the °uctuations induced by the turbulent mixing layer. This behaviour can be attributed
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Figure 5.22: Span{wise vorticit y contours in the computational domain (M. = 0:20): (a) & (b) with
and without random{°uctuations in initial conditions, (c) lower degree of con nement and (d) enforced
free-stream conditions

to the larger momertum of the high{speedstream resisting the growth of the mixing layer
induced °uctuations in that region; the ratio of momerta of the two streamsbeing sr? =
0:472& 0:15for the °ow{ elds at convective Mach numbersM . = 0:20& 0:51 respectively.
The absenceof any sink in the form of a boundary layer at the outer boundariesof the two
streamsallows the persistanceand growth of theseuctuations alongthe “ow. Sincesuc
a behaviour is not expected from an uncon ned mixing layer, these °uctuations{ owing
their presenceto the con nemert {are acousticin nature.

55 Summary & Conclusion

Quasi{two dimensional large eddy simulations of spatially ewlving compressible mix-
ing layers have been performed, and the results have been reported. Mixing layers of
low and moderated levels of compressibility, corresponding to convective Mach numbers
M¢ = 0:20 & 0:51, have been performed with the low compressibility casecorrespond-
ing to the experiments conducted by Goebel & Dutton [21]. The simulations have been
examined for their dependenceon the computational grid, initial conditions and to the
averaging duration. Large eddy simulations have beenfound to successfullypredict the
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Figure 5.23: Section of the computational domain used for computations with enforced free{stream con-

ditions

Figure 5.24: Span{wise vorticit y contours in the computational domain (M. = 0:51)

experimentally obsened changesin mixing layer growth rate and peak turbulence levels
with increasein compressibility. In agreemem with similar studies in the literature, the
presern simulations signi cantly overpredict the normal °uctuations due to the span{wise
motions not being fully resoled.

In the presen simulations, noticeable levels of °uctuations have beenobsened in the
low{speedstreams. These °uctuations seemto have beenset{o® by the turbulent mixing
layer, and persist and grow along the computational domain. While enforcing a non{
re°ecting boundary condition in the normal direction can eliminate such °uctuations,
enforcing a wall boundary condition or enforcing supersonicin°ow condiions along a di-
verging domain, instead of the preserily used symmetric boundary condition, can reduce
the levels of such °uctuations in the free{streams.

Large eddy simulations have beenfound to be accurate in simulating the moderately
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compressiblemixing layers. The universality of the LES methodology has been demon-
strated in the presen chapter. The e®ectof compressibility on small{scalesappearsto be
negligible as the SGS motions are the only part of the simulation that are modeled, and
they have beensuccessfulin predicting the experimentally obsened e®ectsof compress-
ibilit y without any explicit corrections for compressibility e®ects.Basedon the results of
the presen study, large eddy simulations with adequateresolution of motions in all the
three dimensionsappear to be a reliable and practicable approad to study the e®ectsof
compressibility and con nement on the mixing layer dynamics. In this direction, LES of
mixing layerswith high level of compressibility (M > 0:6) should be carried out in future.
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