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Abstract

This thesis is concerned with investigating the applicabilit y of large eddy simulations

(LES) for simulating compressiblemixing layers, with the ultimate aim of utilizing LES

as a tool to investigate the e®ectsof compressibility and con¯nement on the evolution of

mixing layers. In view of the inabilit y of temporal simulations to capture all the features

involved in mixing layers as encountered in practice, spatially developing mixing layers

as observed in experiments are simulated in the present work. Hence,the computational

domain starts from the trailing edgeof the splitter plate dividing the incoming streams,

and includesboth the transitional wake and the mixing layer regions. The performanceof

Reynolds-Averagedmethods, derived from the compressible°uid{°o w equations, in pre-

dicting compressiblemixing layershasbeenevaluated. Two-equationmodelslike k ¡ " and

SST models have beenfound to have completely failed in reproducing the e®ectof com-

pressibility on mixing layer evolution. LargeEddy Simulations with Dynamic-Smagorinsky

modeling of subgrid-scalee®ects,using a second-orderaccurateschemeas implemented in

the CFD software CFX, of high speedmixing layers with low and moderate compressibil-

it y e®ectsare performed. Simulations in the present work are of quasi-two dimensional

nature, as much of the span-wisemotions are not resolved, though their e®ectsare mod-

elled through the subgrid-scalemodel. The simulations were checked for the dependence

of the mean °ow predictions on the averaging duration, computational grid re¯nement

and initial conditions. Prediction of the ¯rst order statistics like mixing layer growth rate,

and the meanvelocity pro¯les hasbeenfound to be very good. Prediction of secondorder

statistics has beenfound to be in agreement with the ¯ndings of experimental and Direct

Numerical Studies. The low-speed stream has been found to be more receptive to the

°uctuations induced by the mixing layer, thereby leading to higher levelsof °uctuation in-

tensities on the low-speedsideof mixing layer at downstream locations. These°uctuations

seemto persist and grow along the computational domain due to the boundary conditions

in the direction acrossthe streams,and hencea non{re°ectiv e boundary condition would

eliminate these °uctuations. The simulations in the present work demonstrate the ad-

vantages of LES over other simulation techniques namely: \capabilit y to reproduce the

physical phenomena" and \reasonable demand on computational resources"which make

it the ideal technique to investigate compressiblemixing layers.
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Nomenclature

a = Speedof sound

cv = Speci¯c heat at constant volume

cp = Speci¯c heat at constant pressure

C = Subgid{scalecoe±cient

Cs = Smagorisnkycoe±cient

C± = Mixing layer growth rate coe±cient

e = Speci¯c internal energy

G = Filter function

h = Speci¯c enthalpy, h = e+ p=½

lx , ly , lz = Computation domain extent in x-, y- & z-directions

M = Mach number

M c = Convective mach number of the mixing layer

M t = Turbulent mach number

p, P = Static pressure

Pr = Prandtl Number

r = Velocity ratio of the mixing streams, r = U2=U1

Re± = Reynolds number of the °ow, Re± ´ ½¢ U±(x)=¹

s = Density ratio of the mixing streams,s = ½2=½1

Sij = Strain{rate

T = Static temperature

To = Total temperature

ui = Velocity in the i th -direction

u = Velocity in the x-direction

Uc = Convective velocity of the mixing layer

v = Velocity in the y-direction

w = Velocity in the z-direction

Superscripts & Subscripts

1 = High{speedstream

2 = Low{speedstream

exptl = From experiments

inc = Incompressible

iv



Nomenclature v

sgs = Subgrid{scale

( ) = Filtered quantit y
f( ) = Favre{¯ltered quantit y

( )00 = Subgrid{scale quantit y
c( ) = Test{¯ltered quantit y

h i = Averagedquantit y

( ) = Averagedquantit y (in Chapter 2)

( )0 = Fluctuation about the averagedquantit y (in Chapter 2)
f( ) = Favre{averagedquantit y (in Chapter 2)

( )00 = Fluctuation about the Favre{averagedquantit y (in Chapter 2)

Greek Letters

± = Mixing layer thickness

±! = Vorticit y thicknessof the mixing layer

±ij = Kronecker Delta

¢ = Filter width

¢ U = Velocity di®erencedriving the mixing layers, ¢ U = U1 ¡ U2

² = Viscous dissipation

° = Ratio of the speci¯c heats of gas

´ = Non{dimensionalized coordinate in the y-direction

· = Coe±cient of heat conductivit y

¹ = Coe±cient of dynamic viscosity

º = Coe±cient of kinematic viscosity

º sgs = Eddy viscosity of the subgrid{scale motions

µ = Momentum thickness

½ = Density

¾u = Normalized velocity °uctuation level along x-direction, ¾u = u00
r ms=¢ U

¾v = Normalized velocity °uctuation level along y-direction, ¾v = v00
r ms=¢ U

¾ij = Molecular shearstress

¿ij = Subgrid{scale stress

R = Gas constant

Abbreviations



Nomenclature vi

DNS = Direct Numerical Simulation

LES = Large Eddy Simulation

RANS = Reynolds AveragedNavier{Stokes

(used to refer to the simulations using theseequationsalso)

SCRAMJet = SupersonicCombustion RAM Jet

SST = ShearStressTransport (Turbulence model)
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Chapter 1

In tro duction

1.1 Motiv ation

Combustion is an exothermic reaction betweentwo substancesof di®erent chemical com-

position. Sincecombustion requires the two substancesto be in contact with each other

in required proportions, mixing of the two substancesis a prerequisite for the reaction to

take place. Most of the propulsion and power generation systemsin today's world derive

energy from the combustion of a fuel in the presenceof an oxidizer. In most of such sys-

tems in use, the time taken for reaction betweenthe mixed substancesis negligible when

compared to the time taken for their mixing. Considering the turbulent nature of such

°ow-¯elds, the phenomenonof `turbulent mixing' is important from both scienti¯c aswell

as application view-points.

The problem of adequatemixing of thesereactants is the most acute in the SCRAM-Jet

enginesfor the proposedHypersonic °ying vehicles. The extremely high speedsof these

vehiclesimply a very small residencetime for the atmospheric air inside the engine,and

hencerequire much faster mixing compared to their low-speed counterparts. Additional

complexity is intro duced in such engine °ow ¯elds by the prominence of compressibility

e®ectson the mixing phenomenon. Thus proper understanding of the phenomenonof

`compressibleturbulent mixng' is neededfor the designof high-speedpropulsion systems.

An understanding of `compressibleturbulent mixing' is alsoessential to ensurerapid mix-

ing of jet exhausts with ambient °uid to reduce noise pollution, reducing the impact of

the exhaust from V/STOL aircraft enginesetc.

The °ow-¯elds involved in the above cases,irrespective of their degreeof complexity,

can be treated as a collection of discrete spatially developing compressiblemixing layers

that ultimately merge into larger and more complex zones(Fig.1.1). Hencethe study of

1



1.2 Thesis Objective 2

Figure 1.1: Flow-¯elds with compressiblemixing layers

a compressibleturbulent mixing layer, while being simple in description, is very useful in

improving our understanding the phenomenonof `compressibleturbulent mixing'.

1.2 Thesis Ob jectiv e

A large number of the features of compressiblemixing layers are yet to be understood

by the research communit y. While signi¯cant progressto date has been made through

experiments and Direct Numerical Studies,LargeEddy Simulations of compressiblemixing

layers are required for further advancement of our understanding. The objective of the

current thesis is to examine the performance of Large Eddy Simulations as a tool to

investigatethe e®ectsof compressibility and con¯nement on the dynamicsof mixing layers.

1.3 Thesis Con tribution

² The performanceof RANS methods with compressibility corrections, in predicting

compressiblemixing layers has been evaluated. Two-equation models like k ¡ "

and Shear Str ess Tr ansport models have been found to have completely failed in

reproducing the e®ectof compressibility on mixing layer growth.

² Large Eddy Simulation with Dynamic Subgrid modeling using a second-orderac-

curate scheme, as implemented in commercial CFD packageCFX, of a moderately

compressiblemixing layer was performed. LES has beenfound to perform satisfac-

torily in predicting mixing layer growth rate, and °uctuation levels.

² An explanation is o®eredfor the high levels of °uctuations in the low{speedstream

in the mixing layers observed in simulations and experiments.



1.4 Thesis Roadmap 3

1.4 Thesis Roadmap

Following this chapter, there are four more chapters in this thesis. Following is a brief

summary of each chapter.

² In chapter 2, a brief review of the existing knowledgeon compressiblemixing layers

is presented. Following this review, aspects of compressiblemixing layers that are

yet to be understood are summarized.

² In chapter 3, the methodology of the simulations following the ReynoldsAveraged

Navier-Stokes equations approach is presented. Details of computational studies

of compressiblemixing layers following this approach are presented along with the

results.

² In chapter 4, the methodology of Large Eddy Simulations is intro duced. Vari-

ous subgrid{scale models are intro duced and basedon the available literature, the

Dynamic Smagorinskymodel is selectedfor the present simulations.

² In chapter 5, large eddy simulations of high speed mixing layers with very low,

and moderate levels of compressibility are performed and conclusions are drawn

regarding the e®ectof compressibility on the mixing layer dynamics.



Chapter 2

Compressible Mixing Layers: A

Review

2.1 Turbulen t Mixing Layer

The turbulent mixing region that forms between two uniform, nearly parallel streams of

di®erent velocities is referred to as a Mixing Layer(Fig. 2.1). Along with free jets and

turbulent wakes, an uncon¯ned turbulent mixing layer belongs to the category of °ows

termed `FreeShearFlows'. Unlike in free jets wherethe driving forceof turbulent motions

gradualy decreasesalong the °ow, the velocity di®erencebetweenthe two streamsof the

mixing layer that drives the turbulent motions remains constant along the °ow.

Figure 2.1: Mixing Layer

The problem of an uncon¯ned, incompressibleturbulent mixing layer had beensolved

analytically ¯rst by W. Tollmien. A mathematically simpler solution, basedon Prandtl's

mixing length hypothesis,was later given by H. Goertler. Mixing layer growth was found

4
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to be linear from self-similarity1 considerations,and the non-dimensionalizedvelocity dis-

tribution acrossthe mixing layer was suggestedto obey an error function pro¯le. This

analytical treatment of turbulent mixing layers,along with other freeshear°ows, hasbeen

presented in Schlichting [1].

Since the motivation to study mixing layers, in most cases,is to study the rate of

mixing of the two streams, the mixing layer thicknessneedsto be quanti¯ed. The mixing

layer thickness,or the transverseextent of the mixing layer is often de¯ned in a boundary

layer senseas the region where the local streamwise velocity di®ers from that of either

freestream by more than 1%. This de¯nition can also be applied for the concentration

of a speciesin a mixing layer of two di®erent species. It matches very closely with the

visual thickness(±vis ) of the mixing layer asseenthrough °ow visualization techniqueslike

Schlieren of Shadowgraph pictures. Another popularly usedde¯nition for the mixing layer

thicknessis the vorticit y thickness±! (Fig. 2.2), which is de¯ned in terms of the streamwise

velocity pro¯le as

±! =
¢ U

(@U=@y)max
(2.1)

The vorticit y thicknessthus de¯ned, has beenfound to be approximately half that of

the visual thickness(±vis ).

2.2 Parameters A®ecting Mixing Gro wth

From the observation of mixing layer °ow-¯eld, one can infer that the mixing layer

growth/spread rate dependson the following operational parameters:

1. Velocit y Ratio

The driving force of the mixing layer, by de¯nition, being the velocity di®erence

betweenthe two streams,the role of velocity ratio of the two streamson the mixing

rate needsto be understood

2. Densit y Ratio

The densities of the two mixing streams need not be samein practice. Hence the

role of density ratio of the two streamson the mixing rate needsto be understood

3. Compressibilit y

Since the focus of the current work is on supersonic mixing layers, compressibility

e®ectson the mixing layer dynamics needsto be understood

1 the non-dimensionalized °ow parameters are independent of the streamwise distance
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4. Reynolds Num ber

As is the casewith any viscous °ow, the role of Reynolds Number on the mixing

layer dynamics is neededfor practical applications

5. Con¯nemen t

Mixing layers are de¯ned as free shear layers, but in practice the mixing layers in

supersonic combustors are con¯ned. So knowledge of the e®ectsof con¯nement on

mixing layers is required

A signi¯cant amount of work has been directed in the past towards understanding the

e®ectof each of these parameters on the mixing rate. In the following subsectionsthe

existing knowledgeabout the role played by each of theseparameterswill be presented.

2.2.1 Velocit y Ratio

The mixing layer shown in Fig. 2.1 with the individual stream velocities of U1 and U2,

appears as a temporal mixing layer(as shown in Fig. 2.3) from a frame(¿) moving with

velocity Uc = 0:5(U1 + U2). In this frame of reference,the only relevant velocity being

¢ U = U1 ¡ U2, the mixing layer growth rate ±=¿ of the self-similar mixing layer has to

be proportional to ¢ U. Since,¿ = x=Uc, the mixing layer growth rate dependenceon the

individual stream velocities can be expressedas:

Figure 2.2: Mixing Layer Thickness Figure 2.3: Temporal Mixing Layer

d±
dx

¼ C±
U1 ¡ U2

U1 + U2
(2.2)

where ±(x) denotesthe transverseextent of the mixing layer betweenthe two streamsat

a given streamwise location x.
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2.2.2 Densit y Ratio

With the aim of addressingthe e®ectof density ratio of the mixing streams on the

mixing rate, Brown & Roshko [2] carried out experiments of low-speed incompressible

mixing layers with large density di®erencesusing di®erent gas combinations. Based on

the observations madein theseexperiments, an expressionpredicting the growth rate of an

incompressiblemixing layer was proposedby Brown(using the sameargument as the one

used in arriving at Eq. 2.3). While a temporally developing mixing layer is symmetric as

both the streamsare of equal speed,a spatially developing mixing layer hasbeenobserved

to be asymmetric in nature (spreading more towards the low-speed side). This aspect

of spatially growing mixing layers was not addressedthough Brown's model, and was

addressedlater by Dimotakis [3]. With the aid of geometricand similarit y considerations,

and recognizing the role of the large structures in the entrainment of neighbouring °uid,

the entrainment asymmetry was explained by Dimotakis [3]. Consequently , the growth

rate of a spatially growing, incompressible(M ! 0) mixing layer was expressedas

d±
dx

(r; s) ¼ C±
(1 ¡ r )(1 + s1=2)

2(1 + s1=2r )

(

1 ¡
(1 ¡ s1=2)=(1 + s1=2)

1 + 2:9(1 + r )=(1 ¡ r )

)

(2.3)

where r = U2=U1 and s = ½2=½1 are the velocity and density ratios of the streams re-

spectively. While the factor multiplying the bracesdescribes the growth of a temporally

growing mixing layer, the factor in bracesarisesdue to the fact that the growth is spatial.

In the event of s = 1, it can be veri¯ed that Eq. 2.3 reducesto Eq. 2.2. From the experi-

mental data of Brown and Roshko [2], the value of C± = 0:36 was arrived at by Slessoret

al. [4]. In practice, for mixing layers without external disturbances, it has beenobserved

that

0:25 · C± · 0:45 (2.4)

The reasonfor this large variation in the values of the co±cient C± is attributed to the

sensitivity of the mixing layer to the incoming °ow pro¯les, and the nature of distur-

bancesimposedon the °ow-¯eld. The above valuesfor the correlation coe±cient C± were

obtained for the visual thickness(±vis ) of mixing layers, it needsto be halved to obtain

the appropriate correlation for vorticit y thickness(±! ).

While low speed (incompressible) mixing layers have been found to be in concord

with Eq. 2.3, experiments on supersonicmixing layers had revealed that the growth rate

of supersonic mixing layers was much lower than that predicted through Eq. 2.2 [5,6].

Similar behaviour was reported regarding the magnitude of velocity °uctuations.
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2.2.3 Compressibilit y

Another remarkable achievement of the work of Brown & Roshko [2] was that direct

°ow visualization, made possibleby the large di®erencein densities(and hencerefractive

index) of the two mixing streams in theseexperiments, revealed the presenceand persis-

tence(in self-similar turbulent region) of distinct large two-dimensional structures in the

mixing layer(Fig. 2.4 from [2]). The formation of thesespanwise vortical structures is pri-

marily causedby the inviscid Kelvin-Helmholtz instabilit y over the velocity distribution

acrossthe mixing layer.

Figure 2.4: Large ScaleStructures in Mixing Layer

Following the demonstration that the low growth rate of supersonicmixing layers was

due to compressibility alone, the needto identify an appropriate parameter to measurethe

compressibility of a mixing layer wasrecongnizedand addressedinitially by Bogdano®[7],

and later by Papamoschou & Roshko [8]. Since, the presenceof large scale structures

supported the inviscid instabilit y mechanism playing a signi¯cant role in the mixing layer

growth, the limited region of in°uence for a disturbance in a supersonic°ow was assumed

to make a supersonic mixing layer to be more stable than its low-speedcounterpart and

henceslow in growth.

Identifying the inabilit y of expressionslikeEq. 2.3to account for the intrinsic compress-

ibilit y of the °ow, Bogdano®[7] intro duced a referenceMach number M + in a coordinate

system moving with the instabilit y waves. Extending this concept, basedon the realiza-

tion that the organized large scale structures are related to the instabilit y of the shear

layer2, and from the visualization of such structures in supersonic mixing layers in their

own experiments, Papamoschou & Roshko [8] identi¯ed the convecting large structures as

a suitable frame of referenceto measurethe internal compressibility of the °ow. Denoting

2 the terms `shear layer' and `mixing layer' are frequently used to denote the same°ow phenomenon in

literature
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the velocity of the large structures as Uc, the convective velocity, the relative speedsof

the two streams(with respect to the large structures) are denotedby the convective mach

numbers M c1 and M c2 :

M c1 = (U1 ¡ Uc)=a1

M c2 = (Uc ¡ U2)=a2

)

(2.5)

wherea1 and a2 are the speedsof soundin the two streams. Assuming isentropic processes

this de¯nition, in association with the saddle point between in the structures(Fig. 2.5

from [9]) being the common stagnation point for both the streams, leadsto the following

expressionfor the convective velocity Uc for M c1 and M c2 , and °1 = °2:

Uc =
a2U1 + a1U2

a1 + a2

M c =
U1 ¡ U2

a1 + a2
(2.6)

Figure 2.5: Convective Frame of reference

A simple estimation of convective velocity(Uc) as used in the above analysis has been

found to be inadequateby Papamoschou [9]. In his double{exposureschlieren observations,

nearly \frozen" patterns wereobserved convecting with velocities very di®erent from those

predicted by Eq. 2.6. The convection velocities of theseeddieswas found to vary between

the slow and the fast freestreamvelocities depending on the mixing layer being formed be-

tweentwo supersonicstreamsor betweena supersonicand a subsonicstream respectively.

Attempts at explaining the the di®erencebetween convective velocities in practice from

the isentropic estimates,and thereby predicting the actual convective velocities have been

made by Papamoschou [9], Barre [10], Papamoschou & Bunyajitraduly a [11] and Barre et

al. [12].

Observing that the e®ect of compressibility on the mixing layer growth expressed

by Eq. 2.3 is only through the coe±cient C±, the coe±cient value normalized by it's

incompressible casewas plotted for existing literature with respect to M c, and it was
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demonstrated that M c was a good measureof compressibility: `higher the value of M c,

higher the e®ectof compressibility on mixing layer growth rate'. A later compilation by

Slessoret al. [4] is shown in Fig. 2.6.

Figure 2.6: Convective Frame of reference

Linear Stability Analysis

A signi¯cant amount of attention has been devoted to explain the free mixing layer dy-

namics using linear stabilit y analysis, a comprehensive review of this area can be found

in Ho & Huerre [13]. In this approach, the unsteady mixing layer is conceptualizedas a

superposition of interacting instabilit y waves that propagate and amplify along the °ow.

Thus the growth rate of the mixing layer is dependent on the ampli¯cation of these in-

stabilit y waves. Papamoschou & Roshko [8] reviewed the literature on the linear stabilit y

analysis of compressiblemixing layers, and demonstrated that the concept of a convec-

tiv e mach number succeedsto someextent in representing the e®ectsof compressibility.

Ragab & Wu [14] analyzedthe linear instabilit y wavesin a supersonicshear layer consid-

ering both inviscid and viscousdisturbances,and cameto the conclusionthat the growth

rate defect due to compressibity is dependent primarily on the convective mach number.

Later Sandham & Reynolds [15,16] compared the predictions of linear stabilit y analysis



2.2 Parameters A®ecting Mixing Growth 11

and direct simulation of Navier-Stokes equations. In addition to pointing out a direct

relationship betwen the growth of the most ampli¯ed instabilit y wave and the growth rate

of the developed mixing layer, they observed the dominanceof three-dimensionalmodesin

the high speedmixing layers for convective mach numbers above 0:6, and that the mixing

layer structure in such °ows is predominantly three-dimensional. While the similarit y be-

tweenthe disturbance growth rate asa function of M c and the variation of experimentally

observed mixing layer growth rate as a function of M c cannot be ignored, as pointed out

by Sarkar [17], no mathematically rigorous connection has been establishedbetween the

two.

Mixing Layer Structure

Consistent with the observations of Sandham& Reynolds[15,16], °ow visualization exper-

iments by Clemens& Mungal [18,19] revealedthat, while the low convective mach number

supersonic mixing layers exhibit an organizedquasi-two-dimensional structure similar to

that found in incompressiblemixing layers, the dominanceof two-dimensionalstructures in

the °ow ¯eld beginsreducingwith increasingconvectivemach number. While an organized

two-dimenionsalspan-wisestructure was found for M c = 0:28, at higher convective mach

numbers(beginning at M c = 0:50) thesestructures were found to break-down in the span-

wise direction, thereby developing a three-dimensional character for M c = 0:62 & 0:79.

While large structures exist even at M c = 0:79, there is negligible span-wiseorganization

at such high convective mach numbers. This might also explain the discrepancyat large

convectivemach numbers,betweenthe observedvaluesof the convectivevelocities of large-

structures, and the onespredicted by the quasi-two dimensionalapproach of Papamoschou

& Roshko [8] given earlier in x 2.2.3.

Turbulence

Turbulent statistics in a compressiblemixing layer, obtained experimentally by various

researchers [20{26], exhibit a decreaseof turbulent °uctuation intensity (turublen t °uctu-

tions normalized by the velocity di®erencebetweenthe two streams: ¢ U) with increasing

convective mach number. Statistics from [20{22,24,26{28] are shown in Fig. 2.7. The

e®ectsof compressiblity on turbulence has been reviewed by Lele [29]. Hence only an

overview is presented in this section. Initial attempts at identifying the mechanisms in-

hibiting the mixing layer growth proposedthat in compressiblemixing layres, the dilata-

tion terms act as sinks and could lead to the observed reduction of turbulence levels and

thereby mixing layer thickness. However, Sarkar [17] showed that reducedturbulent pro-
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Figure 2.7: Velocity Fluctuation levels

duction is responsible for decreasedturbulent kinetic energyand not the dilatation terms.

Strengthening this view, Vreman et al. [30] derived a direct relationship betweenthe mo-

mentum thicknessgrowth rate and integrated turbulent production in the mixing layer

°ow ¯eld. In addition to demonstrating this from analyzing data from DNS of temporal

mixing layers, they showed that the reduction in turbulent production is due to reduced

pressure°uctuations through a reduction in pressure-strainterm. While a model hasbeen

proposedto account for the observed decrement, there is still no convincing explanation

for this phenomenon.

Though it has been conjectured that the limited area of in°uence for a disturbance

in supersonic °ows due to the ¯nite speed of sound leads to reduced communication,

and hence is responsible for the reduction in growth rates of the instabilit y modes in

compressiblemixing layers, further investigation is required to validate this hypothesis.

Controversy alsoexists on the e®ectof compressibility on the components of the Reynolds

stresstensor, and the associated anisotropy (Fig. 2.7). While someexperiments reported

large changesin anisotropy with increasein compressibility, others reported a strong de-
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creasein all turbulence intensities showing no major e®ectof compressibility on Reynolds

stressanisotropy. Analysis of DNS data of a temporally evolving shear layer by Vreman

et al. [30] shows that though there is an increasein the anisotropy of normal stresseswith

an increasein M c, the shearstressanisotropy remains relatively una®ected.

2.2.4 Reynolds Num ber

Although the mechanism leading to the formation of organizedstructures in the mixing

layer is essentially inviscid, viscouse®ectsplay an important role both in determining the

laminar or turbulent state of the incoming stream boundary layersand in the transition to

small scalesin the mixing layer [13]. From the observations of incompressible°ow ¯elds,

the transition of the mixing layer °ow ¯eld to a fully turbulent state is agreedto occur at

the minimum Reynolds number, basedon the local mixing layer thickness,of

Re±min ¼ 104 (2.7)

where

Re± ´
½¢ U±(x)

¹

Ful¯lling this criterion of minimum Reynolds Number is only necessaryfor the °ow-¯eld

to attain self-similarity. In addition to this, the mixing layer is believed to attain self-

similarit y only after crossinga minimum downstream distance of

xmin

µ
¼ 103 (2.8)

where x is the downstream distance from the point of origin of the mixing layer, and µ

is the momentum thickness at the point of origin of the mixing layer. Whether these

criteria hold good for compressiblemixing layers is yet to be demonstrated conclusively.

Mukunda et al. [31] conducted two-dimensionalmodel free simulations of spatially devel-

oping supersonicmixing layers, and found that Reynoldsnumber has negligible e®ectson

the growth and structure of the mixing layer. In their °ow visualization experiments on

supersonicmixing layers,Clemens& Mungal [18] pointed out that the observed di®erences

in the structure of supersonicand incompressiblemixing layers was not due to Reynolds

Number di®erence,but is an e®ectof compressibility.

In°ow Conditions

While intro ducing the turbulent mixing layer, it wasassumedthat the mixing layer is self-

similar , and henceit's non-dimensionalizedparametersare independent of the streamwise
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location. The concept of self-similarity is basedon the belief that beyond a region su±-

ciently far downstream from the starting point of the °ow-¯eld, no e®ectsof the conditions

at the starting point remain. The condition Eq. 2.8 is thus an empirical criterion quanti-

fying this concept into mathematical terms.

The e®ectsof the laminar or turbulent nature of the incoming boundary layer on the

incoming mixing layer evolution are discussedby Ho & Huerre [13]. Opinion is divided

on whether the °ow ¯eld ever attains a state independent of the initial conditions. Ex-

periments by Bell & Mehta [32] revealedthat while the growth rate of the incompressible

mixing layer is dependent on the laminar or turbulent state of the incoming boundary lay-

ers, the far-¯eld ReynoldsStressesand higher order products are found to be independent

of the incoming °ow conditions. While this large variation in the growth-rate coe±cient

C± for incompressiblemixing layers is believed to be the proof of the e®ectof in°ow condi-

tions on the mixing layer growth [33,34], studieshave alsobeenreported which show that,

su±ciently far downstream, the spread rates of mixing layers do becomeindependent of

initial conditions [25,35].

2.2.5 Con¯nemen t

Compressible mixing layers, as encountered in combustion chambers of hypersonic

vehicles,are con¯ned by the chamber walls and hencethe e®ectof con¯nement needsto

be known. Wood & Bradshaw [36] found that the e®ectof con¯nement due to a wall on

the incompressiblemixing layer structures starts well before the mixing layer reachesthe

wall boundary layer. However, this changeof the mixing layer structure wasfound to have

no e®ecton the mixing layer characteristics, like shearstressdistribution and growth rate.

A compilation by Chakraborty [37] of the test-section dimensionsof various compressible

mixing layer experiments points out the high level of con¯nement in the experiments of

Clemens& Mungal [18,19]. Whether the extent of three-dimensionality observed in these

experiments is an e®ectof con¯nement, is yet to be analyzed. From a linear stabilit y

analysis perspective, the walls con¯ning a compressiblemixing layer act as a wave-guide.

In addition to the classical `Kelvin-Helmholtz' instabilit y, the existenceof a `Supersonic

Instabilit y' arising from the coupling betwen the shear layer and the acoustic modes of

the channel for the spatial mixing layers was con¯rmed by Zhuang et al. [38]. In the

same study it was found that, for supersonic convective mach numbers, the maximum

ampli¯cation rates of the instabilit y waves are dependent on the distance between the

con¯ning walls.
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2.3 Numerical Studies

Attempts to understandany phenomenonin nature must rely on experimental observation.

Unfortunately in the caseof compressiblemixing layers, there are very few experimental

facilities that can generatethe high mach number °ow-¯elds containing compressiblemix-

ing layers as found in various engineeringapplications. In addition to this, the signi¯cant

scatter in the experimentally observed in incompressiblemixing layer growth rates found

in literature is yet to be explained satisfactorily. Computational Fluid Dynamics, which is

free from such problems, is an alternate tool for analyzing compressingmixing layers. The

various approachestowards simulating compressiblemixing layers are discussedbelow.

2.3.1 Direct Numerical Sim ulations

Direct Numerical Simulations (DNS), by de¯nition, aim to simulate the °ow ¯eld by

numerically solving the full Navier-Stokesequations. Most of the DNS studiesof the com-

pressiblemixing layershave beenaimed at either the `temporally evolving mixng layer' or

`two-dimensionalspatially developing mixing layer'. Very few studiesof three-dimensional

spatially developing supersonic mixing layers have been reported so far. Owing to the

extremely large computational resourcesrequired to resolve all the scalesof turbulent mo-

tion, most of the DNS studies are performed at low Reynolds numbers (of the order of a

few hundreds). Further more, the usageof high-resolution schemesrequires a lot of time

for these simulations. While much information has been acquired through DNS of `tem-

poral mixing layers' [17,30], simulating °ow ¯elds encountered in practice is not feasible

in the near future using DNS.

2.3.2 RANS Studies

ReynoldsAveragedNavier Stokes(RANS) Simulations have beenthe most practicable

approach for many °ow-¯elds involving incompressible turbulence. Since the Reynolds

Averaged Navier Stokes equations for the mean °ow variables are not closed, various

modelsare usedin practice to model the e®ectof turbulent motions on the mean°ow-¯eld.

A comprehensive review of the status of RANS modeling is given by Birch [35]. Most of

the popular closuremodels have beenproposedfrom the understanding of incompressible

turbulent °ows. Though compressibility corrections have been incorporated in them for

simulating compressible°ows, their performancein predicting mixing layers has not been

validated so far.
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2.3.3 Large Eddy Sim ulations

Based on the belief that the smallest scalesof motions tend to be locally isotropic,

Large Eddy Simulations (LES) aims at solving the equations of motion for the large

scalemotions of the °ow-¯eld. The dissipative contribution of the small scalemotions is

modelled. Since a signi¯cant amount of computational resourcesin DNS are expended

at computing the smallest scales,modeling them signi¯cantly reducesthe computational

requirements. For this reason,LES is expected to be the best prospect for simulating the

high Reynolds number turbulent °ows. Whether it is so in practice or not, is yet to be

veri¯ed. While signi¯cant amount of a priori testing of LES models has beendone using

DNS data for compressiblemixing layers (Vreman et al. [39]), very few simulations of the

spatially developing compressiblemixing layers have been reported. Since the modelled

contribution to the equations is usually of very low order of accuracy, simple lower order

schemesare expected to perform well in LES, thus leading to signi¯cant savings in the

time required per simulation (Meinke et al. [40]).

2.4 Summary

A signi¯cant improvement in the understanding of the dynamics of compressiblemixing

layers requires a proper explanation of the following issues:

1. E®ect of compressibilit y on mixing layer turbulence

While it has now beenunderstood that compressibility a®ectsa reduction in turbu-

lencethrough a reduction in pressure-strainlevels, the exact mechanism is yet to be

understood. No convincing explanation has beenfound for the connection between

the predictions of the linear-stabilit y theory and the experimental obserations of

mixing layer growth rates.

2. Con¯nemen t e®ects on mixing layer structure

No convincing explanation has been found for the `action at a distance' e®ectof

walls on mixing layer structure.

2.5 Present Con tribution

Large eddy simulations promise to be an ideal tool to investigate the above two major

issuesthat demandimmediate attention from the researchersof compressiblemixing layers.

Advancesmade in this direction would be of great importance to designersaiming for



2.5 PresentContribution 17

e±cient SCRAMJet engines,as well as those aiming for a reduction in noise pollution

causedby propulsion deviceexhausts.

The present work is aimed at evaluating the performanceof Large Eddy Simulations

as a tool for simulating compressiblemixing layers, with the ultimate goal of applying

LES to investigate the e®ectsof compressibility and con¯nement on mixing layer dynam-

ics. Performanceof the widely used turbulence models has also been evaluated for their

capability in simulating the e®ectsof compressibility on mixing layer °ow{¯elds, before

the Large Eddy Simulations of compressiblemixing layers.



Chapter 3

Performance of Turbulence Mo dels

3.1 Navier Stok es Equations

In the absenceof body forcesand heat addition, the equationsgoverning the conservation

of mass,momentum and energyof a Newtonian °uid can be expressed1 as:
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p = ½RT (3.7)

where ¹ and · are the dynamic viscosity and thermal conductivit y of the gas respec-

tiv ely, while e is the speci¯c internal energy of the gas denoted by de = cv(T)dT and

h = e + p=½is the speci¯c enthalpy of the gas. Derivation of the governing equations of

°uid motion can be found in [41].
1Einstein summation convention applied for repeating indices
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3.2 Favre Av eraged Equations

In turbulent °ows, the instantaneousvalue of a variable may °uctuate about a meanvalue.

Traditional approachestowardscomputing turbulent °ow ¯elds arebasedon the belief that

knowledgeof the mean °ow ¯eld would su±ce for industrial purposes. Accordingly they

treat the °ow ¯eld as the superposition of a °uctuating °ow over a mean °ow ¯eld, which

is obtained by averaging the three-dimensional turbulent °ow ¯eld over time. Governing

equationsfor the mean°ow ¯eld are obtained by averaging the NS Equations over a large

period of time. Sincethere is always a signi¯cant contribution to the transport phenomena

from the °uctuations, their contribution is modeled.

Two di®erent averaging proceduresare prevalent, namely the conventional averaging

(Reynolds{averaging) and the density{w eighted averaging (Favre{averaging). For °ows

where°uctuations in density are negligible the meanvaluesare obtained by averaging the

variables over time

f = lim
T !1

Z t+ T

t
f (t)dt (3.8)

This is commonly referred to as Reynolds{Averaging. For compressible°ows, where

density °uctuations are prominent, a density-weighted averagingof the variable is adopted

ef =
1
½

lim
T !1

Z t+ T

t
½f(t)dt (3.9)

where ½is computed according to Eq. 3.8. This is commonly referred to as Favre{

Averaging. As there is no mean mass °ux across the Favre{averaged streamlines2 the

equationsfor meandensity, meanvelocity, and meanenergyare more compact than those

obtained through Reynolds{averaging.

For a given variable f , conventionally it's Favre{averagedvalue is denotedby ef , where

as it's Reynolds{averaged value is denoted by an f . The °uctuations about them are

denotedby f 00and f 0 respectively. Hencethe instantaneousvalue of the variable f can be

denoted by

f = ef + f 00

f = f + f 0 (3.10)

The Favre{Av eragedNavier Stokesequationscan be shown to be:

2 true for Reynolds{averaged streamlines only for incompressible °ows
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@½
@t

+
@(½euj )

@x j
= 0 (3.11)
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¾ij = ¹
µ

2fSij ¡
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3
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(3.13)
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1
2

µ
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+
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¸
+
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(3.15)

qj = ¡ ·
@T
@x j

(3.16)

p = ½R eT (3.17)

3.3 Turbulence Mo deling

Equations Eq. 3.12 and Eq. 3.15 show that computation of the mean quantities is de-

pendent on the knowledge of correlations like ½u00
j u00

i . Since no additional equations are

present to determine thesequantities, we do not possessadequateinformation to compute

the mean °ow ¯eld, or the system of equations is not closed . This is referred to as the

Closure Problem in Turbulence. These higher order correlations are usually modeled to

solve the Favre-AveragedNS Equations. Two-equation turbulence models are the most

widely used,as they o®era good compromisebetweennumerical e®ortand computational

accuracy. k ¡ " and k ¡ ! modelsare two of the most widely usedmodels in this category.

Newer models like the SST model that combine the advantagesof the both the previous

models perform well over a wider range of °ows comparedto the older models.

Thesemodels use the gradient di®usion hypothesis to relate the Reynolds stressesto

the meanvelocity gradients and the turbulent viscosity. The turbulent viscosity is modeled

as the product of a turbulent velocity and turbulent length scale. The turbulence velocity
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scaleis computed from the turbulent kinetic energy, which is obtained from the solution

of its transport equation. The turbulent length scaleis estimated from two properties of

the turbulence ¯eld, usually the turbulent kinetic energy and its dissipation rate. The

dissipation rate of the turbulent kinetic energy is obtained from the solution of another

transport equation. Details of the models, as implemented in the present work, can be

found in CFX-T ASC°ow 2.12 User Documentation [42]

3.3.1 E®ect of Compressibilit y

Most of the turbulence models, including the above-mentioned, have beenformulated

basedon the existing knowledgeof turbulence in incompressible°ow regime. Hence,need

hasbeenobserved for the application of compressibility corrections to thesemodelsbefore

utilizing them in similating °ow{¯elds with compressibility e®ects. Existing compress-

ibilit y corrections for the two{equation models are based on the earlier belief that the

reduction in the turbulence levels is due to the increasing prominence of dilatation dis-

sipation with increasein convective Mach number (Wilcox [43]). It was later shown by

Vreman et al. [30] that the dilatational dissipation is not prominent even at a convective

Mach number of M c = 1:2, and hence though existing models of dilatational dissipa-

tion might yield a mixing layer growth rate in agreement with experimental observations,

the model will not be simulating the physical phenomenonleading to the reduction in

turbulence levels.

In the present chapter, the abilit y of the simulations following the RANS methodology

in capturing the e®ectsof compressibility on mixing layers has beenevaluated.

3.4 Computational Details

The domain for the present computations is shown in Fig. 3.1. The domain extends to

200 mm along the stream-wise direction, 30 mm along the normal direction and 20 mm

along the span-wise direction. In computations, and while presenting results, these three

directions correspond to the X , Y and Z axes respectively. Meshing along the normal

direction was done using 76 elements with appropriate tightening of the mesh at the

mixing region (Fig. 3.2), while uniform meshingwas applied along stream-wiseand span-

wise directions with 200 and 20 elements respectively.

Consideringthe supersonic°ow ¯eld in the domain, a ¯nite-v olume basedcomputation

wascarried out using an upwind-biasedschemeas implemented in CFX-T ASC°ow 2.12.1.

Computations were also carried out using a linear-pro¯le interpolation, but no signi¯cant

changeswere observed in the results. A convergencecriterion basedon the normalized
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Figure 3.1: Computational Domain

Figure 3.2: Computational Grid

residuals was applied. The raw residual, say r Á, was calculated as the imbalance in the

discretized equations. The raw residualswere then normalized for the purposeof solution

monitoring. For each solution variable, Á, the normalized residual is given by:

¹rÁ =
rÁ

ap¢ Á
(3.18)

where r Á is the raw residual control volume balance,ap is representativ e of the control

volume co-e±cient and ¢ Á is a representativ e range of the variable in the domain.
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3.5 Results & Discussion

Steady state solutions were obtained for CompressibleMixing Layers corresponding to

Convective Mach Numbers (M c) of 0:20; 0:64; 0:80 so as to cover the range where the

e®ectsof compressibility becomeprominent. The simulations were carried out till the

maximum residualswerebelow 10¡ 5. The results of thesesimulations are being presented

with respect to the features of the compressiblemixing layers.

3.5.1 Gro wth Rate

The most easily discernible feature of a mixing layer is it's growth rate. Visualization

methods like Schlieren, basedon local density of the °ow ¯eld, have beenextensively used

in the existing literature to examine the spread of mixing layers. In this study, we have

used the Vorticity Thickness (±! ) of the mixing layer to be the parameter representing

the mixing layer thickness. The vorticit y thicknesswas de¯ned as

±! (x) =
¢ U

(@U(x; y)=@y)max
(3.19)

where¢ U is the di®erencebetweenthe two free-streamvelocities (¢ U = U1 ¡ U2), and

the denominator is the maximum normal velocity gradient at that stream-wiselocation.

No span-wisevariation has beenencountered in the present computations and henceonly

details of the °ow ¯eld in the X ¡ Y plane corresponding to mid-span are being presented

in this section.

The growth rate of the mixing layer wastaken asthe slope of the straight line ¯t (using

least squares)of the evolution of vorticit y thicknessalong the stream-wisedirection. The

growth rates are shown in Fig. 3.3 to Fig. 3.8.

3.5.2 Mean Velocit y Pro¯le

The mean velocity pro¯les were normalized for comparison with experiments. The

mean velocity was normalized with respect to the velocity di®erencebetween the two

free streams (¢ U), while the normal coordinates were normalized with respect to ´ =

(y¡ yc)=±! whereyc is the center of the mixing layer at the particular stream-wiselocation.

Mean velocity ¯eld observed in experiments has beenfound to collapseinto a normalized

variation by various researchers, and all of them have usedeither an error function pro¯le

or a hyperbolic tangent pro¯le as the asymptotic normalized mean velocity pro¯le. The

normalized mean velocity pro¯les at di®erent stream-wise locations have collapsed to a
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Figure 3.3: k ¡ " : M c = 0:20 Figure 3.4: SST : M c = 0:20

Figure 3.5: k ¡ " : M c = 0:64 Figure 3.6: SST : M c = 0:64

Figure 3.7: k ¡ " : M c = 0:80 Figure 3.8: SST : M c = 0:80
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Figure 3.9: Normalized Mean Velocity Pro¯les: k ¡ "

Model

Figure 3.10: Normalized Mean Velocity Pro¯les: SST

Model

single curve, and thesecurves for the k ¡ " and SST models are presented in ¯gures 3.9

and 3.10.

Results from the present computations are comparedto both the above mentioned pro-

¯les, and the model predictions were unable to reproduce the experimental observations.

As can be seenfrom the ¯gures 3.9 and 3.10, the two-equation models being considered

herepredict much sharper normalizedvelocity pro¯les in the mixing layersthan that found

in experiments.

3.5.3 Normalized Gro wth

Though the parametersused in literature to denote the growth of a mixing layer dif-

fer from one another, the qualitativ e conclusiondrawn through them has beenthe same:

`compressibility has a negative e®ecton the growth rate of a mixing layer'. To compare

with experiments, growth rates computed in the present work were normalized with in-

compressiblegrowth rates for the samevelocity and density ratios. The incompressible

growth rates were obtained using the correlation suggestedin Slessoret al. [4]:

±0
0(x : r; s) = C±

(1 ¡ r )(1 + s1=2)
2(1 + s1=2r )

(

1 ¡
(1 ¡ s1=2)(1 + s1=2)

1 + 2:9(1 + r )=(1 ¡ r )

)

(3.20)

where the parameter C± is assumedto be constant(independent of r and s), while r

and s are the velocity and density ratios for the stream respectively (r · 1:0). The value

of C± is taken to be 0:18 from Slessoret al. [4].

The normalized growth rates, as predicted by the models being considered,are com-

pared with experimental observations in Fig. 3.11. The growth rate predicted by the
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Figure 3.11: Comparison of normalized mixing layer growth rate

two-equation models is seento be highly inaccurate even for a moderately compressible

mixing layer (M c = 0:64).

3.6 Summary

Performanceof the most popularly used two-equation turbulence models have beeneval-

uated in this chapter. Though the governing equations for the method are derived from

the equationsgoverning compressible°uid °ow, the existing modelsare unable to capture

the e®ectsof compressibility on mixing layer dynamics. The present study highlights the

needfor better turbulence models for simulating shear°ows with compressibility e®ects.



Chapter 4

Large Eddy Simulations

4.1 Scales of Turbulen t Motion

Turbulent °owsarecharacterizedby the existenceof a wide rangeof length scales,bounded

by the dimensionsof the °ow ¯eld and the di®usive action of molecular viscosity [44]. The

largest scalemotions, being driven by characteristic velocity and length scalesof the °ow

¯eld, are bound by thesequantities, and henceare heavily in°uenced in character by the

gross details of the °ow ¯eld. On the contrary , the smallest scalesbeing of very small

length and time scalesare expected to be devoid of characteristics peculiar to any one

particular °ow-¯eld, and henceapproximately isotropic in space.Energy transfer between

motions at di®erent scalesoccurs through vortex-stretching processes,though the energy

transfer is predominantly from larger to smaller scalessince the motions at the largest

scalesderive their energy from the forces driving the °ow ¯eld, whereas the relatively

strong viscousforcesat the smallest scalesdispersethe small scalemotions in the energy

of molecular motions. It follows that there exist a range of length scalesthat are much

larger than the smallest scales,but much smaller in comparison to the largest scales;

where the statistics of motion are una®ectedby the grossdetails of the °ow-¯eld (unlik e

the large-scalemotions) and the coe±cient of viscosity (unlik e the small-scalemotions),

but depend only on the averageviscousdissipation of energy" that determinesthe energy

transfer acrossthesescales[45]. It can further be deducedthat the energy of motions in

this Inertial Subrange can be expressedas

E(k) / "2=3k¡ 5=3 (4.1)

where k is the wavenumber associated with a length scalein this range, and E(k) the

turbulent kinetic energyat that length scale(Fig. 4.1 from [46]).

27
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Figure 4.1: Turbulent Kinetic Energy Spectrum: Length ScaleRanges

4.2 LES: The Concept

Attempts at a model free, direct numerical simulation of turbulent °ows are ine±cient

and prohibitiv ely expensive since a signi¯cant amount of computational resourcesis ex-

pendedat capturing the small scalemotions which contain negligible amount of turbulent

kinetic energy. A prudent approach would be to simulate the energycontaining large scale

motions, while modeling the viscous dissipation at the small scalemotions. This is the

concept behind Large Eddy Simulations where only the large, energy-carrying scalesof

motion are computed exactly, and the e®ectof the subgrid scales,which tend to be more

isotropic, and easier to parameterize than the large ones, is modeled. LES of turbulent

°ow can be split into four conceptual steps [47]:

1. Spatial ¯ltering

2. Obtaining the ¯ltered Navier-Stokesequations

3. Modeling the unresolved motions

4. Numerical solution
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4.3 Spatial Filtering

At large Reynolds Numbers, the turbulent °ow might be visualized as a mean °ow ¯eld

superposedby °uctuations of increasinglyhigh wavenumberson oneanother. Fluctuations

of the highest wavenumbers would be of such small magnitude that viscosity prevents the

formation of °uctuations at much higher wavenumbers [45]. Since the °ow ¯eld can be

expressedas the sum of contributions from °uctuations at all wavenumbers, large eddy

motions can be de¯ned to be the contributions from wavenumbers below a certain cut-o®

in the inertial subrange (`low-pass¯ltering'). This is accomplishedthrough Spatial Filter-

ing. Through the spatial ¯ltering operation, the °ow-¯eld is decomposedinto 'resolved'

(¯ltered), and the `subgrid-scale'(high-wavenumber °uctuations) parts.

For a ¯eld Á(x) de¯ned in the domain (¡1 ; 1 ), the ¯ltered value is de¯ned as [48]

Á(x) =
1
¢

Z

V
G

µ
x ¡ x0

¢

¶
Á(x0)dx0 (4.2)

whereV is the domain of the °ow ¯eld, ¢ is the ¯lter width and G is the ¯lter function

satisfying the following properties:

1. G(¡ x) = G(x)

2.
R+ 1

¡1 G(x)dx = 1:0

3. G(x) ! 0 as jxj ! 1 su±ciently fast so that all moments

Z + 1

¡1
G(x)xndx

(n ¸ 0) exist.

4. G(x) is localized (in somesuitably de¯ned sense)in (¡ 1
2 ; 1

2)

Somesuch ¯lter functions discussedmost in existing literature are:

1. Top-Hat Filter

G(x) =

(
1 if jxj · 1

2

0 otherwise
(4.3)

2. GaussianFilter

G(x) =

r
6
¼

exp(¡ 6x2) (4.4)
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Though a Sharp-Spectral Filter de¯ned as:

G(x) =
sin(¼x)

¼x
(4.5)

seemsto be the ideal choice for LES at the ¯rst glance, it is not included here due to it's

failure to satisfy the last two conditions. Nevertheless,it is plotted along with the Top

Hat and Gaussian ¯lters in order to comparetheir abilit y to separatethe scalesof motion

in the wavenumber space(Fig. 4.2). Further discussionon various types of ¯lters, and

their performanceis provided in [47,49,50].

Figure 4.2: Filter Functions in Physcial and Wavenumber Space

4.4 Filtered Navier-Stok es Equations

Filter functions de¯ned asin the previoussectioncommute with di®erential operators, thus

maintaining the structure of the Navier-Stokesequationsthrough the ¯ltering process.To

avoid cumbersome equations, irrespective of the nature of ¯ltering involved, wherever

possiblethe instantaneous values of variables are denoted in bold , the ¯ltered values in

capital letters and the subgrid components in small letters [47].

© = Á

Á = © + Á (4.6)

Since the °ow-¯eld of interest is compressible,a density-weighted ¯ltering( Favre Fil-

tering ) is adopted to avoid sub-grid scale terms in conservation of mass. With a little

modi¯cation to the de¯nition given in Eq. 4.2, a Favre ¯ltered variable can de¯ned as:
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eÁ(x) =
1

½¢

Z

V
G

µ
x ¡ x0

¢

¶
½Á(x0)dx0 (4.7)

Thus,

Velocity: u k = Uk + uk Uk = (½uk )=½

ShearStrain: sij = Sij + sij Sij = (½sij )=½

ShearStress: ¾ij = § ij + ¾ij § ij = (½¾ij )=½

Density: ½= ½+ % ½= ½

Pressure: p = P+ p P = p

Temperature: T = T+ t T = (½T)=½

Internal Energy: e = E + e E = (½e)=½

Enthalpy: h = H + h H = (½h)=½

The ¯ltered Equation of State can be expressedas:

P= ½R T (4.8)

The Favre-¯ltered Navier-Stokesequationscan be written as:

@½
@t

+
@(½Uk )

@xk
= 0 (4.9)

@
@t

(½Ui ) +
@

@x j
(½Uj Ui ) = ¡

@P
@x i

+
@§ j i

@x j
+

@¿j i

@x j
(4.10)

where the Favre-¯ltered shear stress and the corresponding shear strain can be ex-

pressedas

§ ij = ¹
µ

2Sij ¡
2
3

±ij Skk

¶
(4.11)

Sij =
1
2

µ
@Ui

@x j
+

@Uj

@x i

¶
(4.12)

and the error due to computing the coe±cient of viscosity as ¹ = ¹ (T) is neglected,

and

¿ij = ¡ ½
³

(̂u i u j ) ¡ Ui Uj

´
(4.13)

is the subgrid-scalestress tensor that needsto be modeled. The subgrid-scalestress

tensor can be decomposedfurther, with respect to the ¯lter dimensions,into contributions
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from various levelsof interactions betweenthe scalesof motion [47,51]. The Favre-¯ltered

energyequation can be expressedas:

@
@t

(½E) +
@

@xk
(½UkE) =

@
@xk

·
·

Cv

@E
@xk

¸
¡ P

@Uk

@xk

+§ ij Sj i ¡
@qk

@xk
¡ ¦ k + " (4.14)

where

qk =
³

(½ukE ) ¡ ½UkE
´

SGSHeat Flux (4.15)

¦ k =

" µ
p

@u k

@xk

¶
¡ P

@Uk

@xk

#

SGSPressureDilatation (4.16)

" =
³

(¾ij sj i ) ¡ § ij Sj i

´
SGSViscous Dissipation (4.17)

need to be modeled, while the error due to computing the conductivit y coe±cient as

· = · (T) is neglected.

In practice, while the contribution of subgrid heat °ux (Eq. 4.15) is modeled,contribu-

tions from subgrid viscousdissipation (Eq. 4.17) and subgrid pressuredilatation (Eq. 4.16)

are neglected. A priori tests by Vreman et al. [39], on DNS data obtained from the com-

putations of mixing layer in the convective Mach number range 0.2{0.6, revealed that

neglecting non-linearity e®ectsin the di®usion terms in momentum and energyequations

is acceptable. While the the subgrid pressuredilatation term (Eq. 4.16) and the subgrid

viscousdissipation term (Eq. 4.17) were found to be of the sameorder as the subgrid heat

°ux term (Eq. 4.15), from comparing the orders of magnitude of all the terms involved

in the momentum and energy equations, accuracy of modeling their e®ectwas found to

be not as important as that of modeling the subgrid-scalestress tensor(Eq. 4.13) in the

momentum equation. In view of this observation, in the present work, the subgrid-scale

heat °ux is modeled as being proportional to the subgrid-scalestressthrough a uniform

subgrid Prandtl Number Pr sgs = 0:6, following the work of Moin et al. [52].

4.5 Subgrid Scale Mo dels

The function of subgrid-scalemodels has beenexplained by Piomelli [53]: \In large{eddy

simulations, the dissipative scales of motion are resolved poorly, or not at all. The main

role of the subgrid{scale model must be, therefore, to remove energy from the resolved

scales, mimicking the drain that is usually associated with the energy cascade. Thus, it is
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not necessary for a model to represent the \exact" SGS stressesaccurately at each point

in space and time, but only to account for their global e®ect."

Sincethe subgrid-scalecontribution to the energyequation is being modeled as being

proportional to the subgrid-scalestresstensor, modeling the latter aloneis discussedin this

section. Subgrid-scalemodels of the eddy{viscosity form like the SmagorinskyModel and

the Dynamic SmagorinskyModel are discussedalong with Scale{similar and mixed models

in this section. Discussionon the prevailing approaches in modeling subgrid-scalestress

tensor is provided by Jimenez [54], Fureby [55], Hussaini [56], Meneveau and Katz [57]

and Pope [47].

4.5.1 Smagorinsky Mo del

Originally proposedby Smagorinskyfor meteorologicalpurposesin 1963,this method

hasbeenwidely used,and alsoservedasthe basisfor the development of other SGSmodels.

This model is an \eddy viscosity" model, wherethe modeledsubgrid-scalestress(Eq. 4.13)

is related to the resolved strain rate (Eq. 4.12) through the Boussinesqapproximation of

the form:

¿ij ¡
±ij

3
¿kk = ¡ 2½ºsgsSij (4.18)

The coe±cient º sgs is the eddy viscosity of the subgrid-scalemotions, and is modeled

using the mixing length hypothesis that was originially proposedto model the turbulent

viscosity in Reynolds' averagedNavier-Stokesequations,as applicable to two-dimensional

boundary layer °ows:

º T = l2m

¯
¯
¯
¯
@hu i
@y

¯
¯
¯
¯ (4.19)

Smagorinskyproposeda modi¯ed version of this expressionapplicable to the resolved

strain rate tensor

º sgs = l2sS (4.20)

S = (2Sij Sij )1=2 (4.21)

The ¯lter-width ¢ being the natural length scale de¯ning the subgrid-scales, the

mixing-length is thus expressedas

ls / ¢

ls = Cs¢ (4.22)
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Thus the subgrid-scalestresstensor, can be expressedas

º sgs = (Cs¢) 2 S (4.23)

¿ij ¡
±ij

3
¿kk = ¡ 2½(Cs¢) 2 S Sij (4.24)

Though a value of Cs = 0:18 can be obtained for computations of isotropic turbu-

lence with ¯lter-width in the inertial subrange, for °ow ¯elds with strong shear-driven

turbulence, Cs = 0:1 was found to be appropriate in practice. The ¯lter width ¢ for

three dimensionalcomputations is computed as(¢ x1¢ x2¢ x3)1=3 or
p

¢ x2
1 + ¢ x2

2 + ¢ x2
1,

where ¢ x i is the ¯lter{width in the i {direction. In the present computations, the former

de¯nition is used. This model has been extended to compressible°ows by Speziale et

al. [58]. Since the expressionfor the subgrid{scale viscosity coe±cient has been de¯ned

for the ¯lter{width in the intertial subrangeof the high-Reynolds-number turbulence, ap-

propriate modi¯cations are intro duced for regions near walls where these conditions are

not valid.

4.5.2 Scale{Similar Mo del

Though the eddy{viscosity modelsassumea one{to{one correlation betweenthe subgrid{

scalestressand the resolvedstrain{rate tensors,analysisof °ow{¯elds obtained from direct

numerical simulations has revealedvery little correlation betweenthe two tensors. Thus,

while eddy{viscosity models like the Smagorinsky Model, may be able to represent the

global, dissipative, e®ectsof the small scalesin a satisfactory way, they cannot reproduce

the details of the stresses(and the energy exchange) accurately on a local level. Scale-

similar model attempts to reproduce this correlation betweenthe subgrid{scalestressand

the resolved strain{rate tensorsmore accurately.

Originally suggestedby Bardina et al. [59], the scale{similar model is based on the

assumptionthat the most active subgrid{scalesare thosecloserto the cuto®wave number,

and that the scaleswith which they interact most are those immediately above the cut{

o®. Accordingly, a double{¯ltering approach is implemented to capture the interactions

between the smallest of the resolved and the largest of the subgrid{scales. The smallest

resolved scales,for example, can be expressedas:

u00
i = ui ¡ Ui

fu00
i = Ui ¡ eUi

Following Erlebacher et al. [51], the compressibleextension of this model is given here.
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The subgrid{scale stresstensor is evaluated as

¿ij ¡
±ij

3
¿kk = ½

³
eUi fUj ¡ ]Ui Uj

´
(4.25)

Apriori tests of the original model presented by Bardina et al [59]. performed with Gaus-

sian or box ¯lters have shown high correlations between the real and modeled stresses,

and have alsobeenobserved to predict backscatter of energy. However, when implemented

in simulations, the model has been found to lead to inaccurate results due to insu±cient

prediction of dissipation.

4.5.3 Mixed Mo del

Mixed model is the modi¯ed form of Scale{similar model usingan additional dissipative

Smagorinsky term to account for the insu±cient dissipation in the original Scale{similar

model. This modi¯cation has ¯rst beensuggestedby Bardina et al [59]. The compressible

extensionof this model, following Erlebacher et al. [51] is given as

¿ij ¡
±ij

3
¿kk = ½

³
eUi fUj ¡ ]Ui Uj

´
+ 2½(Cs¢) 2 S Sij (4.26)

4.5.4 Dynamic Smagorinsky Mo del

The major drawback of the Smagorinsky model is it's inabilit y to represent cor-

rectly di®erent turbulent ¯elds, with a single universal constatnt. In addition to this,

the Smagorinsky model cannot account for energy °ow from small scalesto large scales

(backscatter). To account for thesede¯ciencies,a `dynamic' subgrid-scalemodel was pro-

posedby Germano et al. [60] that calculates the SGSeddy-viscosity coe±cient locally to

re°ect closely the state of the °ow. The smallest resolved scaleswere sampled,and their

information was usedto model the subgrid scales,as shown in Fig. 4.3 from Piomelli [53].

This is accomplishedby de¯ning a test{¯lter (test{¯ltered quantities denoted by a caret)

whose width b¢ is larger than the ¯lter{width ¹¢ (t ypically b¢ = 2¹¢). The model, as

implemented in the present computations is described here. The only modi¯cation from

the originally proposedmodel by Germano et al. [60] is that the terms are weighted by

the respective ¯ltered density values.

In the preseent computations a grid{¯lter is used, and hence the the test{¯ltered

values are the avearagesover the adjacent elements. The subgrid{scale stresses¿ij and

the sub{test stressesTij can be expressedas

¿ij = ¡
³

(½ui u j ) ¡ ½Ui Uj

´
(4.27)

Tij = ¡
µ

\(½ui u j ) ¡ b½bUi bUj

¶
(4.28)
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Figure 4.3: Test ¯ltering for the dynamic model

The \resolved turbulent stresses"are thus de¯ned as

L ij ´ Tij ¡ b¿ij =
³

\(½Ui Uj ) ¡ (b½bUi bUj )
´

(4.29)

Similar to Smagorinskymodel, the subgrid{ and subtest{ stressesare modeled based

on the Boussinesqapproximation:

¿ij ¡
1
3

±ij ¿kk = ¡ 2C½¢ 2SSij = ¡ 2C®ij (4.30)

Tij ¡
1
3

±ij Tkk = ¡ 2Cb½b¢ 2 bS bSij = ¡ 2C¯ ij (4.31)

leading to

L ij ¡
1
3

±ij L kk = ¡ 2C(¯ ij ¡ b®ij ) = ¡ 2CM ij (4.32)

where a slow variation of C (C(x; y; z; t) ¼ bC(x; y; z; t)) is assumed,and L ij is computed

from Eq. 4.29. Since Eq. 4.32 is over{determined (5 equations to determine one value),

a least{squaresmethodology was proposedby Lilly [61] to minimize the error involved in

using a single coe±cient. The error Ec = eij eij denoted by

eij = L ij ¡ Tij + b¿ij = L ij ¡
1
3

±ij L kk + 2CM ij (4.33)
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is minimized with respect to C by requiring @Ec=@C = 0, leading to

C = ¡
(L ij ¡ 1

3±ij L kk )M ij

2M ij M ij
(4.34)

An alternativ e localized dynamic Smagorinskymodel, as given below, is implemented

in CFX [62]

C =
(L ij ¡ 1

3±ij L kk )C¤b®ij

2¯ ij ¯ ij
(4.35)

where the quantit y C¤ is an estimate of C computed at the previous time step using a

¯rst order extrapolation in time:

C¤ = 2Cm ¡ Cm¡ 1

Since the numerator in the expressionsof the subgrid{scale viscosity coe±cient in

Eq. 4.34 & Eq. 4.35 can have positive or negative values, this model allows for back{

scatter of the turbulent energy (local energy transfer from small scalesto large scales).

4.5.5 Dynamic Mixed Mo del

The dynamic mixed model, proposed by Vreman et al. [63], combines the features

of accuracy in representing the turbulent stress and accuracy in representing the local

dissipation levels possessedby the scale{similar and the dynamic Smagorinsky models

respectively. The subgrid{scale stresstensor is given as

¿ij ¡
±ij

3
¿kk = ½

³
eUi fUj ¡ ]Ui Uj

´
+ 2C½¢ 2SSij (4.36)

The dynamic model coe±cient C is obtained in a manner similar to that of the method-

ology of the dynamic Smagorinskymodel, leading to

H ij + CM ij = L ij (4.37)

where M ij and L ij are denoted by Eq. 4.32, and

H ij =

Ã
[]bUi cUj ¡

bebUi
cfcUj

!

¡
µ

[]Ui Uj ¡ beUi
cfUj

¶
(4.38)

Following the least{squaresapproach

C = ¡
(L ij ¡ H ij ¡ 1

3±ij (L kk ¡ H kk ))M ij

2M ij M ij
(4.39)
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Table 4.1: CPU time required by LES using various models. The CPU time per step is normalized by

that of a model{free simulation using the samenumber of points (secondcolumn) and by that used by the

Smagorinsky model (third column).

Subgrid{scale Model No Model SmagorinskyModel

No model 1:00 0:93

Smagorinsky 1:07 1:00

Dynamic eddy viscosity 1:15 1:07

Dynamic mixed 1:20 1:11

4.5.6 Comparison of Subgrid{scale Mo dels

Highlighting the increasingcomplexity of subgrid{scalemodels,Piomelli [49] compared

the the CPU time used by various models in a pseudo-spectral channel code, compared

to that required by the Smagorinsky model and by a model{free simulation with the

same computational grid, using a third-order Runge-Kutta time advancement for the

convective and SGSterms, and evaluating the coe±cient dynamically only onceper step.

The comparisonis shown in Table. 4.1, where it can be seenthat along with the increased

accuracy due to thesemodels, LES still retains its fundamental advantage over DNS i.e.,

reduction in the requirement of resourcesby approximately three orders of magnitudes

(the minimum grid length in LES being atleast an order of magnitude larger than in DNS

in each dimension).

Vreman et al. [64] performed large eddy simulations of a weakly compressibletemporal

mixing layer using the Smagorinsky, scale{similar, dynamic Smagorinsky and dynamic

mixed models and compared the results with the ¯ltered results obtained from a direct

numerical simulation. The dynamic models have been found to lead to more accurate

results than the non{dynamic models. While the Smagorinskymodel and the scale{similar

model have beenfound to be too dissipative during transition and insu±ciently dissipative

respectively, the dynamic models have been found to possessadequate mechanism to

dissipate energy from the resolved to subgrid{scales. Comparing the LES results with

that of the ¯ltered data from DNS, it was found that the \closest approximation to a

mixing layer in a self{similar state was obtained using the dynamic Smagorinskymodel."

Accordingly, the dynamic Smagorinskymodel was usedin the present work to model the

subgrid{scale stresses.
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4.6 Computational Issues

Unlike Direct Numerical Simulations, where the resourcesrequired for computation for a

°ow of Reynoldsnumber Re are proportional to Re3, there exists only a slight dependence

of computational resourceson °ow Reynolds number for large eddy simulations for the

¯lter{width in the intertial subrangeof the spectrum. For °ows involving the develop-

ment of a boundary layer over a °at plate, Chapman [65] estimated the requirement of

computation resourcesto be proportional to Re0:4 if the viscoussublayer is modeled, and

proportional to Re1:8 if the whole boundary layer is resolved.

Though upwind{biased methods are more stable in practice, based on computaions

of the °ow behind a cylinder Mittal and Moin [66] found out that second{order central

di®erencingschemesarecomparablein accuracyto seventh{order upwind{biased methods.

The latter have been found to remove substantial energy from roughly three{quarters

of the resolved wave{number range due to their inherent numerical dissipation. Central

di®erenceschemesarenot dissipativeand, atleast in principle, do not lead to any numerical

dissipation of the turbulent kinetic energy. Errors due to varying ¯lter width over the

domain have been shown by Ghosal and Moin [48] to be O( ¹¢ 2) where ¹¢ is the mean

¯lter-width at a given node. Hence, errors due to varying ¯lter-width are of the order

of truncation error in second-orderschemes,while they lower the accuracy of higer-order

schemes.



Chapter 5

LES of Compressible Mixing

Layers

Compressibleturbulent mixing layers form the basicbuilding{blo cks of the complex °ow{

¯elds found in SCRAM{Jet combustors and mixing regions of supersonic exhausts into

ambience. Accurate methods for the simulation of compressibleturbulent mixing layersare

necessaryfor the designof e±cient systemsinvolving this °ow{phenomenon. In the present

chapter large eddy simulations are carried out to simulate compressiblemixing layers, as

formed betweentwo parallel supersonicstreamsof di®erent velocities. Initial computations

aimed at verifying the independenceof the simulation{results from the numerical details

arecarried out for a mixing layer with low{compressiblity. Further compuationsarecarried

out for mixng layers of moderate compressibity.

5.1 Computational Details

The present work aims to simulate the °ow ¯eld as observed experimentally . Hence,

the computational domain starts from the trailing edgeof the splitter plate dividing the

incoming streams, and includes both the transitional wake and the mixing layer regions.

The present computations, thus, are for spatially evolving mixing layers, as opposed to

temporal simulations frequently reported in literature. Simulations in the present work are

of quasi-two dimensionalnature, asmuch of the span-wisemotions arenot resolved, though

their e®ectsare modelled through the subgrid-scale model. Hence the computational

domains, along with the boundary conditions applied for the simulations in this chapter

are in the form given in Fig. 5.1. Details regarding the implementation of the boundary

conditions can be found in [42].

40
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Figure 5.1: Computation Domain

For the large eddy simulations performed in the present chapter, using the governing

equationsasderived in x 4.4, Dynamic Smagorinskymodel wasusedto model the subgrid-

scalestresses,and the subgrid-scaleheat °ux wasmodelled asproportional to the subgrid-

scalestressusing a constant subgrid Prandtl number Pr sgs = 0:6. A secondorder accurate

Central Di®erencing scheme was used for computing spatial gradients in the numerical

solution, while time marching was done using a secondorder Euler{backward method.

Computations were performed using the CFD software CFX TASC°ow 02.12.01.

5.2 Mixing Layer with Low Compressibilit y E®ects

The convective mach number M c, as described in the x 2.2.3, has been found to be a

representativ e parameter for the importance of compressibility e®ectsin a mixing layer.

High{speedmixing layers at low convective Mach numbers have beenfound to be similar

in behaviour to their low-speed counterparts, while the e®ectof compressibility on the

mixing layer evolution is found to be prominent for M c > 0:2. Hence the simulation

methodology adopted in this chapter is validated for mixing layers with relatively low

levels of compressibility, before tackling compressiblemixing layers.

In this section, large eddy simulations of a high{speed mixing layer at M c = 0:2 are

performed, and the dependenceof the predictions on the initial conditions and the dis-

cretization of the computational domain is examined. In order to validate the simulation

methodology, the mixing layer simulated in this section has been chosenso as to corre-

spond to the experiments reported by Goebel & Dutton [21]. The di®erencesin the mixing

streamsbetweenthe present simulations and the reported experiment are the higher pres-

sure and stagnation temperatures of the mixing streams in the present case. Details of

the mixing layer simulated in the present section are given in Table 5.1.
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Table 5.1: Details of the Mixing Layer simulated with M c = 0:20

Present Simulation Goebel & Dutton [21]

Composition air, air air, air

P (kPa) 101:3 46:0

U1, U2 (m/s) 700, 550 515, 404

r = U2=U1 0:786 0:780

T1, T2 (K) 300:0, 393:3 163:2, 213:6

To1, To2 (K) 543:9, 543:9 295:0, 295:0

s = ½2=½1 0:763 0:760

M 1, M 2 2:016, 1:384 2:011, 1:379

M c = (U1 ¡ U2)=(a1 + a2) 0:20 0:20

±1, ±2 (mm) 2:0, 2:0 2:5, 2:6

Re = U1±1=¹º (103) 93:3 89:3

lx , ly , lz (mm) 400, 40, 1 500, 48, 96

In an attempt to simulate the meanboundary layer pro¯les of the incoming supersonic

streams, the approach of Mukunda et al. [31] is followed. The incoming velocity pro¯le is

given by:

u = 0:5
·
(U1 + U2) + (U1 ¡ U2)

jyj
y

¸
[1 ¡ exp(¡ k jyj)] (5.1)

with y = 0 at the meeting point of the two streams and k = 2800m¡ 1, so that e®ective

boundary layer thicknessof either stream, basedon 99% free{stream velocity criterion, is

about 2 mm.

Grid

For large eddy simulations, the computational grid must be chosensuch that the sepa-

ration of the resolved and the subgrid{scalesoccurs in the inertial subrangeof the energy

spectrum. Accordingly, the smallest grid size has beenchosento be one order of magni-

tude larger than that of the smallest scales(Kolmogorov scale). Following Mukunda et

al. [31], the Kolmogorov scale(́ ) was estimated as:

´
±

= CR¡ 3=4 (5.2)

where ± is the representativ e of the mixing layer thickness, R is the Reynolds number

basedon the velocity di®erencebetweenthe mixing streamsas the relevant velocity scale,
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and initial boundary layer thicknes as the relevant length scale and the constant C is

expected to lie between 5 and 7 for compressible°ows. For a typical extent of growth

estimated from the experimental data, ± = 10mm along with R = 2£ 104 and C = 6 gives

the estimate ´ = 0:036 mm.

The smallestgrid length in the computational domain waschosento be 0:4 mm in the

normal direction (y ¡ dir ection). The computational grid is chosensuch that the grid is

¯ner at the mixing region when comparedto that near the boundaries. The element length

varies between 0:4mm to 0:79mm in the normal direction and between 0:8mm to 2mm

in the stream{wise direction (x ¡ dir ection), containing 70 and 360 elements respectively

along these directions. The domain is divided into two elements along the span{wise

direction (z ¡ dir ection) and the boundary elements in this direction are bound by a

periodicit y condition, thus leading to the °uctuations in this direction being of subgrid{

scale.

Basedon the °ow{¯eld characteristics and the compuational grid, a time step of 5 £

10¡ 8 s was chosenwith 3 internal iterations per time step.

5.2.1 Av eraging Duration

Compressiblemixing layersweresimulated starting from a mean°ow ¯eld, asobtained

using the SST model, with random °uctuations imposedover the mean °ow ¯eld. After

the computations had progressedfor a time long enough for the slower stream (U2 =

550m=s) to havetraverseda distanceequalto that of the computation domain length (l x =

0:4 m), i.e., t = lx=U2 = 7:3£ 10¡ 4 s ´ 14550steps, °ow-¯eld data wascollectedat regular

time intervals of ¢ t = 10¡ 6s. Density weighted (Favre) averaging was performed of the

°ow variables for a time duration equal for the slow stream to traversethe computational

domain twice. The integrations over time are performed basedon the procedureas given

by Presset al. [67]:

Z tN

t1

f (t)dt = ¢ t
·

3
8

f 1 +
7
6

f 2 +
23
24

f 3 + f 4 + f 5+

¢¢¢+ f N ¡ 4 + f N ¡ 3 +
23
24

f N ¡ 2 +
7
6

f N ¡ 1 +
3
8

f N

¸
(5.3)

+ O
¡
¢ t4¢

where

f i = f (t i )

t i = t1 + (i ¡ 1)¢ t
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Comparisonsof velocity ¯eld is doneusing the normalized valuesof stream{wise veloc-

it y and coordinates in the normal direction. The non-dimensionalizedstream{wise velocity

is given by:

u = (U ¡ U2)=(U1 ¡ U2) (5.4)

while the coordinates are non{dimensionalized using

´ = (y ¡ yc)=±! (x) (5.5)

±! =
U1 ¡ U2

(@U=@y)max

Figure 5.2: E®ect of Averaging Duration on Mean Growth Rate Prediction

Growth rate of the mixing layer, whosethicknessis de¯ned in terms of vorticit y thick-

nessand as the distance betweenthe locations with velocity within 10% of either stream

velocity, is plotted for di®erent averaging durations in Fig. 5.2. The straight line in the

above¯gure is a represents the self{similar mixing layer growth rate, asreported by Goebel

& Dutton [21]. This line was used to compare the growth of the simulated mixing layers

in the self{similar region. It can be seenthat there is initially a region of high growth{rate

of the vorticit y thickness, followed by a transition into a linear growth of the vorticit y

thickness. The initial high growth{rate represents the wake of the incoming boundary

layers, and the °ow gradually evolves in to a self{similar mixing layer where there is a

linear growth of the vorticit y thickness. This transition from a wake °ow to that of a

mixing layer appearsto be complete by 200 mm. The e®ectof averaging duration on the

non-dimensionalizedvelocity pro¯le is shown in Fig. 5.3. It can be observed that there is

no signi¯cant changein the mean velocity pro¯le and the growth rate of the mixing layer

thickness(based on either de¯nitions) with respect to the averaging duration. Hencean

averaging duration equivalent to two sweepsof the computational domain by the slower

stream is employed for further computations.
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Figure 5.3: Mean Velocity pro¯les in the self{similar region (x = 270 mm )

Table 5.2: Details of the Computational Grid to study Grid Dependence

CoarseGrid Fine Grid

No: of elements: x, y 360, 70 360, 100

Element length variation (mm): x 0:8, 2:0 0:8, 2:0

Element length variation (mm): y 0:4, 0:79 0:2, 0:77

5.2.2 Grid Dep endence

Oncethe mean°ow{¯eld wasobtained for a given computational grid, the dependence

of the results of the simulation on the computational grid was examined. Computations

werecarried out for a ¯ner grid, the details of which are given in Table 5.2. The minimum

grid{length for the ¯ne grid in the normal direction of the °ow{¯eld is half that for the

coarsegrid, and in the region of mixing (§ 0:005 m), the ¯ne grid has 43 elements, while

the coarsegrid has 23 elements. Hence the number of elements in the mixing region in

this direction di®ers nearly by a factor of two between the two grids used for the grid{

dependencestudy. Basedon the ¯ndings of the previous section, the °ow{¯eld data was

averagedfor a duration equivalent to two sweep{times for the slower stream, and the mean

°ow{¯eld was compared for the results of the simulations on the two grids considered.

Mixing layer growth rates are compared in Fig. 5.4, and the mean stream{wise velocities

in self{similar region are plotted in Fig. 5.6. The mixing layer growth rate and the non-
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dimensionalizedmean velocity pro¯le are found to be independent of the computational

grid employed in the self{similar region of the mixing{la yer °ow{¯eld, though the ¯ne grid

caseexhibits an evolution closer to the linear growth in the self{similar region than the

coarsegrid, especially in the evolution plot of mixing layer thicknessas de¯ned basedon

10% of velocity di®erencebetween the two streams, which was the parameter measured

in the experiments reported by Goebel & Dutton [21]. The evolution of the stream{wise

velocity ¯eld in the computational domain is presented in Fig. 5.5 for the both the coarse

and ¯ne grids, and the velocity ¯eld evolution is found to be independent of the grid used

for computations.

Figure 5.4: E®ect of Computational Grid on Mean Growth Rate Prediction

Figure 5.5: Evolution of stream{wise velocity for Coarse and Fine grids

5.2.3 E®ect of Initial Conditions

Since the simulations so far have been conducted with the simulations starting o®

from a mean °ow{¯eld with random °uctuations imposed on it as an initial condition,

the e®ect of these initial °uctuations on the ¯nal mean{°ow estimates was examined.
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Figure 5.6: Mean Velocity pro¯les in the self{similar region (x = 270 mm )

Simulations were performed on the coarsegrid starting{o® with a mean{°ow estimate

using the SST model, without any imposed°uctuations. The averaging was performed

for a duration equivalent to one{sweep time, and the results are compared with those

of the simulations performed with random{°uctuations imposedon the initial mean{°ow

estimate. The mixing layer evolution is comparedin Fig. 5.7. In Fig. 5.8, the e®ectof the

initial conditions on the persistenceof the wake{e®ect (velocity de¯cit due to incoming

boundary layers) and the mean °ow velocity pro¯le in self{similar region are examined.

Figure 5.7: E®ect of Initial Conditions on Mean Growth Rate Prediction

From Fig. 5.7, it can be seenthat imposing random °uctuations on the initial mean

°ow{¯eld leads to the attainment of self{similarit y at much ealier stream{wise locations.

This could be due to the early transition of the °ow{¯eld into a pure mixing layer due
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Figure 5.8: E®ect of Initial Conditions on the evolution of mean °ow{¯eld

to initial °uctuations. The ¯ndings are similar to that of Doris et al. [68] where the

e®ectof the °uctuations imposedon the in°ow velocity pro¯les was found to lead to an

advancement of the region of the transition of °ow from a wake of the incoming boundar

layers into a pure mixing layer. From Figs 5.7 & 5.8, it can be seenthat though the initial

conditions a®ectthe location of tranistion of the °ow{¯eld from wake to a mixing layer,

the e®ectsare limited only to the °ow{¯eld near the inlet of the two streams. It can be

seenthat the initial conditions do not have any signi¯cant e®ecton the growth rate of the

mixing layer in the self{similar region, and the self{similar velocity ¯eld.

5.2.4 Discussion

From the Fig.s 5.2, 5.4 & 5.7, the observed mixing layer growth rate is found to

agree well with the experimentally observed growth rate of ±0 = 0:020 (based on 10%

velocity di®erence). The vorticit y thicknessevolution in the self{similar region for the

¯ne{grid computation is shown in Fig. 5.9 and the least{squares linear ¯t is found to

match the growth rate observed in experiments. The non{dimensional velocity pro¯le for

an incompressible,turbulent mixing layer wasshown by Goertler [1] to behave likean error

function, and the experimentally observedvelocity pro¯les werefound by Goebel & Dutton

to agreewith the error function pro¯le for the convective Mach numbers M c ¼ 0:2 ¡ 1:0.

As shown in Fig. 5.10, the predicted non-dimensional velocity pro¯les in the self{similar

region agreewith the ¯ndings of Goebel & Dutton.

Convective Velocity

The concept of the convective Mach number denoting the e®ect of compressibility, as

described in the x 2.2.3, relieson an isentropic estimate of the \convective velocity" of the
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Figure 5.9: Mixing layer growth rate Figure 5.10: Velocity pro¯les

large structures in the mixing layer. Span{wise vorticit y over the X{Y plane is plotted

from the coarsegrid simultions, at regular time intervals of 5 £ 10¡ 5 s in Fig. 5.11, and

the convection speed of large structures is compared to that of the isentropic estimate.

The isentropic estimate given by Eq. 2.6

Uc =
a2U1 + a1U2

a1 + a2
´ 628 m=s

Tracking individual vortex structures from Fig. 5.11, the convective velocity of the large

structures was found to vary between590:7 m=s and 638:5 m=s. This procedureis equiv-

alent to that followed by Mukunda et al. [31] of tracking the pressureminima which are

equivalent to the core regionsof the vortex structures. Considering the near incompress-

ible character of the mixing layer, such a small deviation from the isentropic estimatesis to

be expected. The variation of ¼ 6% observed in this simulations can be attributed to the

con¯nement of the mixing layer °ow{¯eld (the isentropic estimatesare for an uncon¯ned

mixing layer).

Turbulence Levels

The stream{wise and normal °uctuation levels,normalized with respect to the free{stream

velocity di®erence(¢ U) are plotted in Fig. 5.12. The experimentally observed peak nor-

malized °uctuation levels for stream{wise and normal velocities reported by Goebel &

Dutton are 0:22 and 0:15 respectively. While the °uctuation levles for the stream{wise

velocity agreewell with observed levels, the normal velocity °uctuation levels are much

higher than the peak valuesobserved experimentally . This behaviour (over{prediction of

normal °uctuation levels) has beenobserved by Rogers& Moser [69] in direct numerical
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Figure 5.11: Contours of Span{wise vorticit y at regular time intervals

simulations of three{dimensional temporal mixing layers with two{dimensional °uctua-

tions imposedon a mean °ow{¯eld at the beginning of the simulation. Similar behaviour

has also been observed by Stanley & Sarkar [70] in their direct numerical simulations of

two{dimensional mixing layers. Hencethe high °uctuation levels in the normal direction

can be attributed to the fact that the span{wise °uctuations are not fully resolved in our

simulations. The Reynoldsstresslevels (h½u00v00i =(h½i ¢ U2)) in the self{similar region are

Figure 5.12: Stream{wise and normal Fluctuation levels

plotted in Fig. 5.13. The peak level of 0:011, while signi¯cantly lower than the value of
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Figure 5.13: Reynolds stress without and with subgrid{scale contribution

0:017 reported by Goebel & Dutton, agreeswell with the variation of °uctuation levels

with respect to the convective Mach number as compiled in Fig. 2.7.

5.3 Mixing Layers with Mo derate Compressibilit y E®ects

In the present section, a mixing layer of convective Mach number M c = 0:51, correspond-

ing to moderate compressibility levels, is simulated. Due to the large stagnation pressures

required to conduct an experiment of a compressiblemixing layer betweentwo supersonic

streams, most of the experiments of mixing layers with moderate to high compressibil-

it y e®ectsinvolve one supersonic stream and another subsonic stream. In the present

simulations, for conveniencein computations, a compressiblemixing layer between two

supersonic mixing layers is simulated and the predictions are compared with the data

available in literature. Other features of experimetally observed compressiblemixing lay-

ers, like uniform static pressureand total temperature of both the streams, are enforced

in the present simulations. The details of the simulation are given in Table 5.3.

Following the methodology described in x 5.2, the the smallest scalesare found to be

of the order of ´ ¼ 0:016 mm, and hencethe smallest grid length in the computational

domain was chosen to be 0:2 mm in the normal direction. The element length varies

between0:2 mm to 0:77 mm along the normal direction and 0:55 mm to 1:65 mm along

the stream{wise direction with a total number of 100and 240 elements respectively along

thosedirections. The span{wisediscretaization is similar to that employed in the previous

computations. Basedon the °ow{¯eld characteristics and the computational grid, a time

step of 10¡ 8 s was chosenwith 5 internal iterations per each time step.

Similar to the previous simulations, the present simulation was started from a mean

°ow ¯eld, as obtained from RANS calculations using the SST model for turbulence,
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Table 5.3: Details of the Mixing Layer simulated with M c = 0:51

Simulation Details

Composition air, air

P (kPa) 101:3

U1, U2 (m/s) 1041:6, 600:0

r = U2=U1 0:576

T1, T2 (K) 300:0, 660:8

To1, To2 (K) 840:0, 840:0

s = ½2=½1 0:454

M 1, M 2 3:00, 1:16

M c = (U1 ¡ U2)=(a1 + a2) 0:51

±1, ±2 (mm) 2:0, 2:0

Re = U1±1=¹º (103) 140

lx , ly , lz (mm) 240, 40, 1

with random °uctuations imposedover the mean °ow ¯eld. After the computations had

progressedfor a time long enoughfor the slower stream (U2 = 600m=s) to have traversed

a distanceequal to that of the computation domain length (lx = 0:24 m), i.e., t = lx=U2 =

4:0 £ 10¡ 4 s ´ 40000 steps, °ow-¯eld data was collected at regular time intervals of

¢ t = 5 £ 10¡ 7s. Based on the observations in the previous simulations on the e®ectof

averaging duration over the predicted mean °ow{¯eld, averaging was performed for the

°ow variables stored over a duration of 1:5 sweeptimes ´ 6:0 £ 10¡ 4 s using Eq. 5.4. It

can be observed in Fig.s 5.14& 5.15 that this duration is su±cient for the mean°ow{¯eld

to be independent of averaging duration.

Unlike in the computations for M c = 0:20, well{de¯ned, persistent large vortex struc-

tures could not be identi¯ed for the present simulations. This is in agreement with the

existing literature wherethe dominanceof two{dimensional phenomenonhasbeenfound to

be limited to °ows with low convective Mach numbers. Beyond 150mm, the mixing layer

thicknessshows a linear growth rate, and the growth rate of the self{similar mixing region

was obtained by ¯tting a straight line using a least{squaresapproach into the vorticit y

thicknessevolution in this region (150 ¡ 240 mm), and the growth rate has beenfound

to be ±0
! = 0:0278(Fig. 5.16). From Fig. 5.16, the self{similar velocity pro¯les have been

found to agreewell with the error{function pro¯le proposedby Goertler, and this obser-

vation agreeswell with the ¯nding of Goebel & Dutton [21] that the non{dimensionalized
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Figure 5.14: E®ect of Averaging Duration on Mean Growth Rate Prediction

Figure 5.15: Mean Velocity pro¯les in the self{similar region (x = 195 mm )

velocity pro¯les in the self{similar region agree well with the error{function pro¯le for

M c = 0:2 ¡ 1:0

The stream{wise and normal °uctuation levels, non{dimensionalized with respect to

the free{stream velocity di®erence(¢ U) are plotted in Fig. 5.17. The predicted peak

level of 0:17 for the stream{wise intensity agreeswell with the experimentally observed

dependenceof the °uctuation intensity on convective Mach numbers. The over{prediction

of normal °uctuation intensity with a peak level of 0:16 is consistent with the span{wise

motions not being fully resolved, and the ensuingtwo{dimensional character of the simu-

lations. Samimy & Elliott [24] had reported the experimental observations of compressible

mxiing layers at M c = 0:51 with one stream being supersonic, and the other being sub-
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Figure 5.16: Mixing layer growth rate and mean velocity pro¯le (x = 195 mm )

Figure 5.17: Stream{wise and normal Fluctuation levels

sonic. They had reported the peak non-dimensionalized°uctuation levels (with respet

to free{stream velocity di®erence)of 0:16, 0:11 and ¡ 0:0084for the stream{wise, normal

and Reynolds stress levels. The Reynolds stress levels (h½u00v00i =(h½i ¢ U2)) in the self{

similar region are plotted in Fig. 5.18. The peak level of ¡ 0:0088 agreeswell with the

corresponding experimental observation.

5.4 Discussion

The incompressiblegrowth rates for mixing layers, with velocity and density ratios same

as that of the mixing layers simulated in the present work, were calculated using the

correlation given in Eq. 2.3

d±
dx

(r; s) ¼ C±
(1 ¡ r )(1 + s1=2)

2(1 + s1=2r )

(

1 ¡
(1 ¡ s1=2)=(1 + s1=2)

1 + 2:9(1 + r )=(1 ¡ r )

)
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Figure 5.18: Reynolds stress without and with subgrid{scale contribution

Table 5.4: Mixing layer growth rate predictions

M c = 0:20 M c = 0:51

r, s 0:786, 0:764 0:576, 0:454

±0
inc 0:0250 0:0453

(±0=±0
inc )exptl 0:80 0:590

±0 0:0200 0:0278

(±0=±0
inc )LE S 0:80 0:614

with C± = 0:18 from Slessoret al. [4] and the growth rate predictions are tabulated in

Table 5.4 (A value of C± = 0:21 has been suggestedfor the experiments of Goebel &

Dutton [21] in the same work, and is used for the present comparison.) The predicted

mixing layer growth rates, along with the compilation of experimental data, are presented

in Fig. 5.19.

The predictions of turbulence levels in the mixing layer °ow{¯eld by the present sim-

ulations are comparedwith the experimentally observed values in Fig. 5.20. The present

simulations, due to the lack of appropriate resolution of the span{wise motions, predict

large normal °uctuation levels in agreement with other such works in literature (Rogers

& Moser [69] and Stanely & Sarkar [70]). The peak values of turbulent Mach number

M t =
p

u00
i u00

i =a1, as observed by Samimy, have beenreported by Lele [29]. The results of

the present simulations are comparedwith the observations in Table 5.5, and the variation

observed in simulations can be seento be following the trend observed in experiments.

That the large eddy simulations predict the behaviour of compressiblemixing layers

without any explicit modeling to account for the e®ectsof compressibility is a proof of
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Figure 5.19: Comparison of mixing layer growth rate predictions

Table 5.5: Peak turbulen t Mach number predictions

M c Experiments Present Simulations

0:20 { 0:13

0:51 0:27 0:27

0:64 0:32 {

0:86 0:43 {

the accurate representation of the physical phenomenainvolved. This feature of LES is

in contrast to the RANS methodology where compressibility corrections are neededto

improve mixing layer growth rate predictions.

In addition to the turbulence levels, the pressure °uctuation levels also have been

comparedfor their dependenceon the convective Mach number. In Fig. 5.21, normalized

pressure°uctuation levelsin the mixing layer in the self{similar region(x = 270mm & x =

195 mm for M c = 0:20 & M c = 0:51 respectively), calculated as (p ¡ hpi )=½1¢ U2,

are compared. As pointed out by Vreman et al. [30], there is a large reduction in the

normalized{pressure°uctuation levelswith the increasein convective Mach number. This

large reduction in the normalized{pressure °uctuation levels appears to be due to the

large increasein the referencepressure½1¢ U2 which increasesfrom ½1¢ U2 = 27:6 kPa to

½1¢ U2 = 239 kPa for the convective Mach number changefrom M c = 0:20 to M c = 0:51.
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Figure 5.20: Velocity Fluctuation levels (Present simulations: ¤)

The present results, while agreeingwell with the experimental observations of the peak

turbulence levels in the compressiblemixing layers, predict the persistenceof °uctuations

to a farther extent into the low{speedstream when comparedto the high{speedsideof the

mixing layer (Fig.s 5.12, 5.13, 5.17 & 5.18). Experiments by Goebel et al. [20], Gruber et

al [71], Barre et al. [25] and Debisschop et al. [23] reveal similar behaviour. Sincemost of

the direct numerical simulations have beenof temporally evolving mixing layers, they fail

to capture this feature, but the simulations of spatially evolving mixing layers by Doris et

al. [68] show similar behaviour of turbulence intensities as found in the present work, and

the authors cite the large in°ow °uctuation levelsas the possiblecausefor this behaviour.

In the present work, °uctuations can be observed in the low{speed stream, in the

contour plots of vorticit y in Fig. 5.22 for the convective Mach number M c = 0:20. Vor-

ticit y contours for the simulation with and without random{°uctuations imposedat the

beginning of the simulation have been compared in the same ¯gure (plots (a) and (b)

respectively), and it can be seenthat this phenomenonis independent of the initial condi-

tions of the simulations. Plot (c) in the same¯gure correspondsto a °ow with much larger
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Figure 5.21: Normalized pressureat a point in the selfsimilar region for M c = 0:20; 0:51

computational domain (ly = 60 mm as against ly = 40 mm for other simulations), and it

can be observed that these°uctuations are not induced by the proximit y of the boundary

to the mixing region. Additional computations have beenperformed to observe the role of

the boundary conditions in the normal direction. Plot (d) in the same¯gure corresponds

to a computational domain with inclined upper and lower boundaries where supersonic

in°ow conditions are enforced corresponding to either of the free{streams (Fig. 5.23).

Only a small delay can be observed in the °uctuations in the low{speed stream gaining

prominence.

From the span{wisevorticit y plot for the mixing layer at the convective Mach number

M c = 0:51 (Fig. 5.24), it can be observed that the °uctuations are set-o®by the tur-

bulent mixing region, and are sustained in this region since the symmetry{condition at

the boundary serves as an inviscid wall for these °uctuations. From the persistenceof

the °uctuations in the simulation represented by plot (d) in Fig 5.22 similar to the other

simulations, it can be the inferred that it is the re°ection of the pressurewaves,generated

by the turbulent mixing region, at the boundaries in the normal directions that sustains

these°uctuations. Henceeither a non{re°ecting boundary condition or an appropriately

divergent computational domain eliminating such re°ections must be employed to avoid

the observed phenomenonof large °uctuations away from the mixing region.

Irrespective of the convective Mach number being considered,°uctuations are set{o®

in the low{speedstream after the mixing layer attains self{similarit y. Though the vorticit y

plots of the °ow{¯eld at convectiveMach number M c = 0:20show °uctuations in the high{

speed stream after they develop on the low{speed stream, from Fig. 5.24 it can be seen

that at higher convective Mach numbers, the high{speed side is much more resistant to

the °uctuations induced by the turbulent mixing layer. This behaviour can be attributed
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Figure 5.22: Span{wise vorticit y contours in the computational domain (M c = 0:20): (a) & (b) with

and without random{°uctuations in initial conditions, (c) lower degree of con¯nement and (d) enforced

free-stream conditions

to the larger momentum of the high{speedstream resisting the growth of the mixing layer

induced °uctuations in that region; the ratio of momenta of the two streamsbeing sr 2 =

0:472& 0:15 for the °ow{¯elds at convective Mach numbersM c = 0:20 & 0:51 respectively.

The absenceof any sink in the form of a boundary layer at the outer boundariesof the two

streamsallows the persistanceand growth of these°uctuations along the °ow. Sincesuch

a behaviour is not expected from an uncon¯ned mixing layer, these °uctuations{ owing

their presenceto the con¯nement {are acoustic in nature.

5.5 Summary & Conclusion

Quasi{two dimensional large eddy simulations of spatially evolving compressiblemix-

ing layers have been performed, and the results have been reported. Mixing layers of

low and moderated levels of compressibility, corresponding to convective Mach numbers

M c = 0:20 & 0:51, have been performed with the low compressibility casecorrespond-

ing to the experiments conducted by Goebel & Dutton [21]. The simulations have been

examined for their dependenceon the computational grid, initial conditions and to the

averaging duration. Large eddy simulations have been found to successfullypredict the
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Figure 5.23: Section of the computational domain used for computations with enforced free{stream con-

ditions

Figure 5.24: Span{wise vorticit y contours in the computational domain (M c = 0:51)

experimentally observed changesin mixing layer growth rate and peak turbulence levels

with increasein compressibility. In agreement with similar studies in the literature, the

present simulations signi¯cantly overpredict the normal °uctuations due to the span{wise

motions not being fully resolved.

In the present simulations, noticeable levels of °uctuations have beenobserved in the

low{speedstreams. These°uctuations seemto have beenset{o® by the turbulent mixing

layer, and persist and grow along the computational domain. While enforcing a non{

re°ecting boundary condition in the normal direction can eliminate such °uctuations,

enforcing a wall boundary condition or enforcing supersonic in°ow condiions along a di-

verging domain, instead of the presently usedsymmetric boundary condition, can reduce

the levels of such °uctuations in the free{streams.

Large eddy simulations have been found to be accurate in simulating the moderately
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compressiblemixing layers. The universality of the LES methodology has been demon-

strated in the present chapter. The e®ectof compressibility on small{scalesappearsto be

negligible as the SGS motions are the only part of the simulation that are modeled, and

they have been successfulin predicting the experimentally observed e®ectsof compress-

ibilit y without any explicit corrections for compressibility e®ects.Basedon the results of

the present study, large eddy simulations with adequate resolution of motions in all the

three dimensionsappear to be a reliable and practicable approach to study the e®ectsof

compressibility and con¯nement on the mixing layer dynamics. In this direction, LES of

mixing layerswith high level of compressibility (M c > 0:6) should be carried out in future.
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